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Abstract

Given an observational study with n independent but heterogeneous units, our goal is to
learn the counterfactual distribution for each unit using only one p-dimensional sample per
unit containing covariates, interventions, and outcomes. Specifically, we allow for unobserved
confounding that introduces statistical biases between interventions and outcomes as well as
exacerbates the heterogeneity across units. Modeling the conditional distribution of the outcomes
as an exponential family, we reduce learning the unit-level counterfactual distributions to learning
n exponential family distributions with heterogeneous parameters and only one sample per
distribution. We introduce a convex objective that pools all n samples to jointly learn all n
parameter vectors, and provide a unit-wise mean squared error bound that scales linearly with
the metric entropy of the parameter space. For example, when the parameters are s-sparse
linear combination of k known vectors, the error is O(slog k/p). En route, we derive sufficient
conditions for compactly supported distributions to satisfy the logarithmic Sobolev inequality.
As an application of the framework, our results enable consistent imputation of sparsely missing
covariates.

1 Introduction

We are interested in the problem of unit-level counterfactual inference owing to the increasing
importance of personalized decision-making in many domains. As a motivating example, consider an
observational dataset corresponding to an interaction between a recommender system and a user
over time. At each time, the user was exposed to a product based on observed demographic factors
as well as factors that are not observed in the dataset, e.g., user’s energy level (i.e., whether they’re
feeling energetic or tired). Additionally, at each time, the user’s engagement level, which could
have sequentially depended on the prior interaction in addition to the ongoing interaction, was also
recorded. Also, the system could have sequentially adapted its recommendation. Given such data
of many heterogeneous users (e.g., a movie recommender system for a streaming media platform),
we want to infer each user’s average engagement level if it were exposed to a different sequence of
products while the observed and the unobserved factors remain unchanged. This task is challenging
since: (a) the unobserved factors could give rise to spurious associations, (b) the users could be
heterogeneous in that they may have different responses to same sequence of products, and (c) each
user provides a single interaction trajectory.

More generally, to address problems of this kind, we consider an observational setting where a unit
undergoes multiple interventions (or treatments) denoted by a. We denote the outcomes of interest
by y, and allow the interventions a and the outcomes y to be confounded by observed covariates v
as well as unobserved covariates z. The graphical structure shown in Figure. 1(a) captures these
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(a) A generic model for our setting (b) A graphical model for sequential recommender system

Figure 1: Graphical models covered by our methodology. Directed arrows denote causation and
undirected arrows denote association. Thin arrows denote low-level causal links and thick arrows
denote high-level causal links, i.e., aggregated thin arrows. Our methodology does not assume
knowledge of low-level causal links and is applicable to any graphical model with high-level causal
links between variables as in panel (a). Panel (b) presents an example of a sequential recommender
system (consistent with the model in panel (a)) interacting with a user at 3 time points where
z, W, at, and y; denote the user’s unobserved energy levels, observed demographic factors, the
product exposed to the user, and the user’s engagement level, respectively, at time ¢. The left subplot
illustrates the high-level dependency between the variables while the right subplot expands on it for
time 1 and 2.

interactions and is at the heart of our problem. In the recommender system example above, a unit
corresponds to a user, a corresponds to the products recommended, y corresponds to the engagement
levels, v corresponds to the observed demographic factors, and z corresponds to the unobserved
energy levels (see Figure. 1(b)). We consider n heterogeneous and independent units indexed by
i €[n] 2 {1,---,n}, and assume access to one observation per unit with (v?, a®¥, y?) denoting
the realizations of (v, a, y) for unit 1.

We operate within the Neyman-Rubin potential outcomes framework (Neyman, 1923; Rubin,
1974) and denote the potential outcome of unit i € [n] under interventions a by y?(a). Given the
realizations {(v(i), a®, y(i))}?zl, our goal is to answer counterfactual questions for these n units.
For example, what would the potential outcomes y® (a(?)) for interventions @ # a? be, while the
observed and unobserved covariates remain unchanged? Under the graphical model in Figure. 1(a)
and the stable unit treatment value assumption (SUTVA), i.e., the potential outcomes of unit i are
not affected by the interventions at other units, learning unit-level counterfactual distributions is
equivalent to learning unit-level conditional distributions

n

{fy|a,z,v(y =la=" Z(i)v v(i)>}i_1 . (1)
Here, the i-th distribution represents the conditional distribution for the outcomes y as a function of
the interventions a, while keeping the observed covariates v and the unobserved covariates z fixed at
the corresponding realizations for unit 7, i.e., v and 2z, respectively.

Such questions cannot be answered without structural assumptions due to two key challenges:
(a) unobserved confounding and (b) single observation per unit. First, the unobserved covariates z
introduce spurious statistical dependence between interventions and outcomes, termed unobserved
confounding, which results in biased estimates. Second, we only observe one realization, namely the



outcomes ¥ (a(”) under the interventions a(?), that is consistent with the unit-level conditional
distribution fy|a,z7v(y|a,z(i),v(i)). As a result, we need to learn n heterogeneous conditional
distributions while having access to only one sample from each of them.

In this work, we model the conditional distribution of the outcomes of interest conditioned
on the unobserved covariates, the observed covariates, the intervention as an exponential family
distribution motivated by the principle of maximum entropy.! With this model structure, we show
that both the aforementioned challenges can be tackled. In particular, we show that the n unit-level
conditional distributions in (1) lead to n distributions from the same exponential family, albeit
with parameters that vary across units. The parameter corresponding to the " unit, for brevity in
terminology denoted by ~(?) (defined later), captures the effect of 2z and helps tackle the challenge
of unobserved confounding. However, the challenge still remains to learn n heterogeneous exponential
family distributions with one sample per distribution. This challenge has been addressed in two
specific scenarios in the literature: (a) if the unobserved confounding is identical across units, i.e.,
the parameters {v(i)}?zl were all equal, then the challenge boils down to learning parameters of a
single exponential family distribution from n samples, which has been well-studied (cf. Shah et al.
(2021b) for an overview); (b) if v, a, and y take binary values and have pairwise interactions, then
the challenge boils down to learning parameters of an Ising model (a special sub-class of exponential
family defined later) with one sample. This specific challenge has been studied under restricted
settings: (i) where the dependencies between the variables are known (e.g., Kandiros et al. (2021);
Mukherjee et al. (2021)) and (ii) where a specific subset of the parameters are known (Dagan et al.,
2021). In this work, we consider a generalized setting where v, a, and y can be either discrete,
continuous, or both, and do not assume that the underlying dependencies or a specific subset of
parameters are known.

Summary of contributions This work introduces a method to learn unit-level counterfactual
distributions from observational studies, in the presence of unobserved confounding, with one
sample per unit, using exponential family modeling. For every unit i € [n], we reduce learning its
counterfactual distribution to learning the unit-specific parameter v with access to one sample
(0@, a®, y®) from unit i. Here, {y(1), ... 4} are parameters of n different distributions from
the same exponential family. The specific technical contributions are as follows:

1. We introduce a convex (and strictly proper) loss function (Definition. 1) that pools the data
{(’U(i), a®, y(i))}?zl across all n samples to jointly learn all n parameters {fy(i)}?zl.

2. For every unit i, we prove that the mean squared errors of our estimates of (a) v() (Theorem. 1)
and (b) the expected potential outcomes under alternate interventions (Theorem. 2) scale
linearly with the metric entropy of the underlying parameter space. For instance, when ~()
is s-sparse linear combination of k known vectors (Corollary. 1), the error—just with one
sample—decays as O(slogk/p), where p is the dimension of the tuple (v, a,y).

3. We apply our method to impute missing covariates when they are sparse. Formally, we consider
a setup (with no systematically unobserved covariates) where the observed covariates are entirely
missing for some fixed fraction of the units. Specifically, for unit ¢ with missing covariates,
only (a(i),y(i)) is observed. For every such unit, we show that our method can recover the

!Exponential family distributions are the maximum entropy distributions given linear constraints on distributions
such as specifying the moments (see Jaynes (1957)).



missing covariates with the mean squared error decaying as O(p?/p), where p, and p are the
dimensions of v and (v, a,y), respectively (Proposition. 2).

4. Methodologically, our work advances three threads: (a) learning Ising models (and their
extensions to discrete, continuous, or mixed variables) from a single sample, where we learn the
dependencies between variables, generalizing prior work Kandiros et al. (2021); Dagan et al.
(2021), (b) learning Markov random fields (a sub-class of exponential family) from multiple
independent but non-identical samples, generalizing prior work Vuffray et al. (2016, 2022);
Shah et al. (2021a), and (c) learning counterfactual outcomes with an exponential family model,
allowing each unit to have different unobserved covariates and providing unit-level guarantees
instead of average-level, generalizing Arkhangelsky and Imbens (2018).

5. In our analysis, we (a) derive sufficient conditions for a continuous random vector supported on
a compact set to satisfy the logarithmic Sobolev inequality (Proposition. F.1) and (b) provide
new concentration bounds for arbitrary functions of a continuous random vector that satisfies
the logarithmic Sobolev inequality (Proposition. F.2). These results may be of independent
interest.

Outline Section. 2 discusses background and related work. We discuss our formulation and
algorithm in Section. 3 and present their analysis in Section. 4. We develop an application of our
methodology to impute missing covariates in Section. 6. We sketch the proof of our main result
in Section. 7 with detailed proofs deferred to the appendices. We conclude with a discussion in
Section. 8.

Notation For any positive integer n, let [n] := {1,--- ,n}. For a deterministic sequence wuy, - , U,
we let w := (uy,--- ,uy,). For a random sequence uy, -+ , up, we let u = (uy,--- ,uy,). For a vector
u € RP, we use u; to denote its t*" coordinate and u_; € RP~! to denote the vector after deleting
the t*" coordinate. We denote the £y, £, (p > 1), and £, norms of a vector v by |v||o, ||v]|,, and
|00, Tespectively. For a matrix M € RP*P| we denote the element in ¢ row and u'* column by
My, the t*" row by My, and the vector obtained after deleting My; from M; by M; _;. Further, we
denote the matrix maximum norm by |[M||max, the Frobenius norm by ||M]|r, the spectral norm
(operator 2-norm) by ||[M||op, the induced 1—norm (operator 1-norm) by [|[M]|;, the induced co-norm
(operator oco-norm) by [[M| , and the (2, 00)-norm by |[M]|2,c. Finally, for vectors u € RP and
u € RP, the mean squared error between 4 and u is defined as MSE(w, ) = p~! Dotepp) (Ut — )2

2 Background and related work

This work builds on two vast bodies of literature: exponential family learning and unit-level
counterfactual inference with unobserved confounding. For a detailed literature overview of the
former, we refer the readers to Bresler (2015); Klivans and Meka (2017); Vuffray et al. (2022); Shah
et al. (2021a) (for a special sub-class, Markov random fields (MRFs)?) and Shah et al. (2021b) for
general exponential families. For an introduction to counterfactual inference, see the books Imbens
and Rubin (2015); Hernan and Robins (2020) for settings with no unobserved confounding and Pearl
(2009); Pearl et al. (2016) for settings with known causal mechanism (in the form of a causal graph).

2MRFs can be naturally represented as exponential family distributions with certain sparsity constraints on the
parameters via the principle of maximum entropy (Wainwright et al., 2008).



Exponential family learning There is a series of works for learning Ising models, a special MRF
with binary variables and an instance of a pair-wise exponential family, from a single sample. Such
a model has two distinct sets of parameters capturing the contribution of nodes and edges in the
underlying undirected graph, referred to as the external field and the interaction matrix.> Many
strategies exist for learning such a model when the interaction matrix is known up to a constant
and under varying assumptions on the external field; see, e.g., Chatterjee (2007); Bhattacharya and
Mukherjee (2018); Daskalakis et al. (2019); Ghosal and Mukherjee (2020); Kandiros et al. (2021);
Mukherjee et al. (2021). More recently, Dagan et al. (2021) provide guarantees for learning the
interaction matrix from a single sample when the external field is known. Kandiros et al. (2021) and
Mukherjee et al. (2021) extend the tools in Dagan et al. (2021) to learn the external field for an
Ising model with a known interaction matrix (up to a scalar multiple). Notably, all of these works
are based on the pseudo-likelihood estimation (Besag, 1975). Our work extends the techniques and
results from Dagan et al. (2021) to learn the external field from one sample of continuous variables
with an estimated interaction matrix.

Vuffray et al. (2016) introduced a novel M-estimation-based loss function for learning Ising
models from many independent and identically distributed samples. Vuffray et al. (2022) and
Shah et al. (2021a) generalize it to learn general MRFs with multi-ary discrete and continuous
variables, respectively. Ren et al. (2021) showed that this loss function has superior numerical
performance compared to the ones based on pseudo-likelihood. We contribute to this line of work by
generalizing that loss function further to learn MRFs with discrete, continuous, and mixed variables
with independent but not identically distributed samples.

For settings closer to our work, namely, exponential families with unobserved variables, the two
common modeling approaches include restricted Boltzmann machines (Bresler et al., 2019; Goel, 2020;
Bresler and Buhai, 2020) and latent variable Gaussian graphical models; see, e.g., Chandrasekaran
et al. (2012); Ma et al. (2013); Vinyes and Obozinski (2018); Wang et al. (2023). While the former
assumes a bipartite structure with edges only across observed and unobserved variables, the latter
imposes a Gaussian generative model. In this thread, most related to our set-up is the work by Taeb
et al. (2020) as they model the conditional distribution of the observed variables conditioned on the
unobserved variables as an exponential family similar to us. They provide empirically promising
results for recovering the underlying graph and the number of unobserved variables (assumed to be
small), albeit with limited theoretical guarantees. In contrast, here we provide parameter estimation
error in the presence of unobserved variables (notably, we cover all the models they considered).

Unit-level counterfactual inference Recent years have seen an active interest in developing
different strategies for unit-level inference with unobserved confounding.

For the settings with univariate outcomes for each unit, a common approach to deal with
unobserved confounding is the instrumental variable (IV) method (Imbens and Angrist, 1994) when
one has access to a variable—the IV—that induces changes in intervention assignment but has no
independent effect on outcomes allowing causal effect estimation. Recent works for IV methods with
unit-level inference include Hartford et al. (2017); Athey et al. (2019); Syrgkanis et al. (2019); Singh
et al. (2019); Xu et al. (2020); Semenova and Chernozhukov (2021); Wang et al. (2022). Another
approach for univariate outcomes, called causal sensitivity analysis (Rosenbaum and Rubin, 1983),
estimates the worst-case effect on the causal estimand as a function of the extent of unobserved

3E.g., in our model (defined later in (2)), ¢ and ® correspond to the external field and the interaction matrix,
respectively.



confounding in a given dataset under varying assumptions on the generative model. For such analysis
with unit-level guarantees, see, e.g., Yadlowsky et al. (2022); Kallus et al. (2019); Yin et al. (2022);
Jin et al. (2023); Jesson et al. (2021).

Closer to our work are those on panel or longitudinal data settings, where one observes multiple
outcomes for each unit. For linear panel data settings, a common approach is factor modeling, where
potential outcomes and interventions (binary or multi-ary) are assumed to be independent conditional
on some latent factors. See, e.g., difference-in-difference methods (Bertrand et al., 2004; Angrist
and Pischke, 2009), synthetic control (Abadie and Gardeazabal, 2003; Abadie et al., 2010), its
variants Arkhangelsky et al. (2021); Dwivedi et al. (2022b), and extensions to multi-ary interventions
in synthetic interventions (Agarwal et al., 2020) and sequential experiments (Dwivedi et al., 2022a).
For non-linear panel data settings, the most commonly used models include probit, logit, Poisson,
negative binomial, proportional hazard, and tobit models (see Fernandez-Val and Weidner (2018) for
an overview) where some parametric model characterises the distribution of the outcomes conditional
on the unobserved covariates, the observed covariates, and the interventions. Notably, these works on
linear and non-linear panel data directly estimate effects (averaged over all observed and unobserved
covariates or unit-level for given observed and unobserved covariates) for finitely many interventions
when the intervention assignment has special structure, while we focus on learning the counterfactual
distributions while allowing for multi-ary discrete and continuous interventions without any special
structure. In this thread, our work is most related to Arkhangelsky and Imbens (2018), who also use
an exponential family to model the unit-wise distribution of the observed covariates and interventions
conditioned on the unobserved covariates. They connect this model to the commonly used fixed effects
model for the outcomes in latent factor modeling (Angrist and Pischke, 2009), and provide estimates
for the average treatment effect given multiple units with the same set of unobserved covariates. Our
work generalizes their set-up by allowing each unit to have a different set of unobserved covariates
and provides the first unit-level counterfactual inference guarantee with an exponential family model.

3 Problem formulation and algorithm

This section formalizes the problem, specifies our model, and defines the inference tasks of interest.

3.1 Underlying causal mechanism and counterfactual distributions

We consider a counterfactual inference task where units go through p, > 1 interventions. For
every unit, we observe p, > 1 outcomes of interest. The interventions and the outcomes could be
confounded by p, > 0 observed covariates as well as p, > 0 unobserved covariates. Additionally, the
observed covariates and the unobserved covariates could be arbitrarily associated. We denote the
random vector associated with the interventions, the outcomes, the observed covariates, and the
unobserved covariates by a £ (a1, -+, ap,) € AP,y = (y1, - s Yp,) €EYPU, v 2 (vi, V) € VP,
and z = (z,- - ,Zp,) € ZP# respectively, where A,),V, and Z denote the support of interventions,
outcomes, observed covariates, and unobserved covariates, respectively. We allow these sets to contain
discrete, continuous, or mixed values.

Causal mechanism We summarize the causal relationship between the random vectors z, v, a,
and y in Figure. 1(a) where we denote the arbitrary association between z and v by a undirected
arrow, and the causal association between (i) (z,v) and a, (ii) (z,v) and y, and (iii) a and y by
directed arrows. More generally, we are interested in any setup consistent with the graphical model in
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Figure 2: A graphical model for a single unit in the network setting with 4 users; arrows have
same meaning as in Figure. 1. Here v, z, a;, and y; denote user t’s observed factors, unobserved
factors, exposed product, and engagement level, respectively. The left plot illustrates the high-level
dependency between the variables of different users in the network, and the right plot expands on it
for (user 1, user 2) pair. Analogous dependencies exist for (user 1, user 3), (user 2, user 4), and (user
3, user 4) pairs.

Figure. 1(a). We assume access to n independent realizations indexed by i € [n]: v, a(¥, and y®
denote the realizations of v, a, and y for unit 4, respectively. For every realized tuple ('u(i), a®, y(i)),
there is a corresponding realization z(9) of the unobserved covariates z that is unobserved. Next, we
discuss some examples covered by our framework.

Examples: sequential and network settings While Figure. 1(a) exhibits the high-level causal
links between z, v, a, and y, there could be complex low-level causal links between elements of these
vectors. We do not assume any knowledge of such low-level causal links. In Figure. 1(b), we provide
an instance of a sequential setting covered by our work where every unit’s (i) a;+1 depends on a; in
addition to vy and z, and (ii) yz4+1 depends on a; and y; in addition to a;y1, v;41 and z. Another
classical example covered by our framework includes the network setting where a unit represents
a social network where users are linked to each other by interpersonal relationships as shown in
Figure. 2. Similar to the sequential recommender system, every user was exposed to a product based
on observed demographic factors as well as certain unobserved factors, and the user’s engagement
level was recorded. The engagement level of user ¢, i.e., y;, depended its observed demographic
factors v, its unobserved factors z, its exposed product a; as well as on the product exposed to its
neighbor u, i.e., a,. Further, y; could have been associated with y,,.

Unit-level counterfactual distributions We denote the Neyman-Rubin potential outcomes
of unit 4 € [n] under interventions a € AP+ by y(’)(a). We make the stable unit treatment value
assumption (SUTVA) (Rubin, 1980) for the observed outcome, i.e., y® =y (a®) for all i € [n]. For
independent units with the causal mechanism and SUTVA assumed here, the unit-level counterfactual
distributions are equivalent to certain unit-level conditional distributions as we now argue. Consider
unit i € [n] and fix the observed covariates and the unobserved covariates at v and z(¥), respectively.
Then, let ¥ be a realization of y when a = a@(. We are interested in the distribution of the potential
outcomes of unit i for interventions a(?, i.e., the distribution of y®(a(®) given z = 2 v = v,
Under the causal framework considered here (see Figure. 1(a)), it is equivalent to the distribution



of y(a®) given a = @,z = 20 v = v since (z,v) satisfy ignorability (Pearl, 2009; Imbens
and Rubin, 2015), i.e., the potential outcomes are independent of the interventions given (z,v).
Further, under SUTVA, it is equivalent to the distribution of g given a = a?,z = 200 v = v,
ie., fylazu(y = -la = a, 2 v@). Therefore, our goal is to learn the n unit-level conditional
distributions in (1). Now, we proceed to the modeling details.

3.2 Exponential family modeling and its consequences

Let w = (z,v,a,y) be the p-dimensional random vector obtained by concatenating z, v, a and y
where p = p, + py + pa + py. For notational convenience, we start by modeling the joint probability
distribution f,, as an exponential family and relax this model to the conditional distribution of the
outcomes in Section. 5.1. In particular, we parameterize fy with natural parameters ¢ € RP*! and
® € RP*P and natural statistics w and ww | so that

Julw; 6, ®) o exp (67w +w Pw), where w 2 (2,v,a,y), 2)

and 2z £ (21, -+ ,2p.), v = (1, ,vp,), @ = (a1, ,ap,), and y = (yq,- - ,Yp,) denote realizations
of z, v, a, and y, respectively. Without loss of generality, we can assume ® to be a symmetric matrix.
Next, we show that with this modeling assumption, learning unit-level counterfactual distribution
can be reduced to learning a suitable exponential family model.

Under the exponential family in (2), the unit-level conditional distribution of y conditioned on
a=a,z=z and v = v is an exponential family model with natural statistics y and yy' and

Fyzn(¥la, z, v)ocexp ([0 +22T0E0) 4 20T @0 1 20T 0N |y 1y Toly ), (3)

where ¢ € RP*1 is the component of ¢ corresponding to y and ®(%¥) € RP«*Py is the component
of ® corresponding to u and y for all u € {z,v,a,y}.* We make two key observations: (a) the term
d(=Y) Tz captures the effect of unobserved covariates z on fylazv(Y="la=-,2,v) and (b) the task of
learning fyjazv(y = -la =", 2,v) in (3) as a function of a reduces to learning

(i) W) + 28G9 T2 4 20V Ty, (ii) @@, and (i) WY, (4)
That is, learning the unit-level conditional distribution for unit ¢ is equivalent to learning
A = {(b(y) +20ENT (0 4 29U Ty Glay) (p(y,y)}’ (5)

where the notation (¥ is the same as in Section. 1. We note that, given a = a, z = z, and
V=Y =a+z+v+nis one plausible data generating process (DGP) consistent with (3)
when the noise variable np has an exponential family distribution. More specifically, this DGP, with
1 such that f(n) x exp (qﬁ(y)Tn + nTCIJ(y’y)n), results in the conditional distribution in (3) with
dEY) — ) — play) — )

Next, we argue that learning the three quantities in (4) is subsumed in learning the parameters
of the (unit-level) conditional distribution fy, of the random vector x £ (v,a,y) conditioned on
z = z. Note that f, belongs to an exponential family with natural statistics x and xx . For all

“The exponential family in (3) is same as the one considered in Taeb et al. (2020, Equation 1.3).



uc {v,a,y}, let #® € RP«*1 he the component of ¢ corresponding to u, and &%) € RP=*Pv be the
component of ® corresponding to z and u. Then f|, can be parameterized as follows:

dW) 23T 5
Jxz(x]2;0(2),0) xexp <[0(z)]Tzc+a:T®a:>,where 0(z) & | p@) 20T 2 | cRPXE (6)
dW) 429V 2

z £ (v,a,Y), p = Py + Pa + py and © € RPXP denotes the component of ® corresponding to x.
Given some estimates for #(z) and ©, using their appropriate components also yields an estimate of
the three quantities in (4) for any v = v. To summarize, the spurious associations or unobserved
confounding between a and y introduced due to unobserved z are fully captured by ®&¥) 7Tz or
equivalently by 6(z); thereby, learning unit-level counterfactual distributions require us to learn these
unit-level parameters.

3.2.1 Reduced inference task and modeling constraints

Let fw(+; ¢*, ®*) denote the true data generating distribution of w in (2), and let fx|z(- |z;0%(2), @*)
denote the true distribution of x conditioned on z = z in (6). Then, for all i € [n], we note that the
realization (9 £ (v(?, a®, y(*) is consistent with the conditional distribution Ixlz ( |20 6% (2(0), @*)
where we do not observe z(9. Our primary goal is to learn the n unit-level counterfactual distributions,
which as noted above simplifies to estimating the following parameters:

(i) Unit-level 0*@ £ 0*(2%)) for i € [n], and (ii) Population-level ©*. (7)

Our secondary goal is to estimate the expected potential outcomes for any given unit i (with
z =20 v =v") and an alternate intervention a(":

u @) 2 By @)z = 20,v = o, ®

where y (@) denotes the potential outcomes for unit i € [n] under interventions a'? € AP,

For ease of exposition, we consider bounded continuous sets V, A, and Y with YV =A =Y £
X = [~Tmax, Tmax] for a given zpay. In Section. 5.3, we consider compact discrete and mixed sets.
Throughout this paper, it is convenient to further constrain the model as follows:

Assumption 1 (Bounded and sparse parameters). The true model parameters (7) satisfy
0" € Ag 2 {0 e RP! . |10, < @} for alli € [n], (9)
and

0" c Ao 2 {@ ERPP.0 =07, [[Oflmax <, O] < ﬁ} . (10)
While (9) bounds the unit-level parameters (a necessary condition for model identifiability
(Santhanam and Wainwright, 2012)), (10) bounds the ¢; norm of the interaction of each x; € x with
every x, € x in (6). As a result, Assumption. 1 implies that the exponential family in (6) corresponds
to MRFs (see Section. 2), also known as undirected graphical models (defined in Appendix. G). We
note that Assumption. 1 is standard in the literature on learning MRFs (Bresler, 2015; Vuffray et al.,
2016; Klivans and Meka, 2017; Vuffray et al., 2022; Shah et al., 2021a). We are now ready to state
our algorithm.



3.3 An efficient algorithm via a convex objective

We first describe our strategy to estimate the parameters in (7). Then, we use the estimated
parameters to estimate the expected potential outcomes in (8). We remark that for exponential
families considered here, maximum likelihood for parameter estimation is not computationally
tractable (Wainwright et al., 2008; Shah et al., 2021b). As a result, we resort to an alternative
objective function inspired by the convex loss functions used in Vuffray et al. (2016, 2022); Shah et al.
(2021a) as they do not depend on the partition function of the distribution. These loss functions
are designed in a specific way (see below for details): (i) the sufficient statistics of the conditional
distribution of a variable given all other variables are centered by adding appropriate constants,
(ii) the loss function is an empirical average of the sum of the inverses of all of these conditional
distributions (without the partition function) with centered sufficient statistics.

3.3.1 Parameter estimation

Our convex objective function jointly learns all the parameters of interest by pooling the observations
across all n units and exploiting the exponential family structure of v, a, and y conditioned on z = z
in (6), i.e., the objective explicitly utilizes the fact that the population-level parameter ©* is shared
across units. In particular, we use the following two steps.

Centering sufficient statistics of the conditional distribution of a variable Consider the
conditional distribution fx_, . of the random variable x; conditioned on x_; = z_; and z = z for
any t € [p]:

Faalxorz(ele_y, 2;01(2), O1) o exp ([Ht(z) + QGZ_tCC—t] T+ @ttﬂﬁf), (11)

where 6;(z) is the t! element of 0(z), ©; is the t'* row of ©, Oy is the t'* element of ©;, and

O ¢ £ 0, \ Oy € RP7L is the vector obtained after deleting ©y from ©;. Then, the sufficient
statistics in (11), namely x; and th, are centered by subtracting their expected value with respect to
the uniform distribution on X resulting in

2
Faaxorz (@1, 2:00(2),0¢) ox exp <[9t(z) + 2@Z_t$—t] Ty + Oy (333 - m?ﬁ")), (12)

as the integral of x; and x? with respect to the uniform distribution on X is 0 and 22 . /3, respectively.
As we see later (in Proposition. 1), this centering ensures that our loss function is a proper loss
function as well as leads to connections with the surrogate likelihood (Shah et al., 2021a, Proposition.
4.1). We emphasize that the term z2 . /3 inside the exponent in (12) is vacuous (as it is a constant)

and the distribution in (12) is equivalent to the one in (11).

Constructing the loss function Next, the loss function (defined below) is desgined to be an
empirical average of the sum over ¢ € [p] of the inverse of the term in the right hand side of (12).

Definition 1 (Loss function). Given the samples {w(i)}ie[n], the loss £ : RP*("P) 5 R is given by

(_)T

1 i i) (i i z -
E(@)=n2Zexp(—[0§’+2@Z_tw(1]w§’—ett([zi)ﬁ—‘””“;")) where ©2| 1 |, (13)

te[p] i€[n] @;
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and @té{ﬁt(l), e ,9§n),®t} fort € [p].
Our estimate of ©* (defined analogous to ©) is given by

© € argmin L£(9). (14)
@EAg xAo

We note (14) is a convex optimization problem, and a projected gradient descent algorithm (see
Appendix. A.2) returns an e-optimal estimate with 7 = O(p/e) iterations® where ©, is said to be
an e-optimal estimate if C(@E) < L(@) + € for any € > 0. The loss function £ admits a notable
property (see Appendix. A.1 for the proof).

Proposition 1 (Proper loss function). The loss function L is strictly proper, i.e., 8 =
arg min@eAng@ Ex|z [E (@)] .

Proposition. 1 shows that the solution of the idealized convex program minge AnxAo Exz [L’ (@)]
is unique and equal to ©*. In this idealized convex program, conditioned on the realized values of
the unobserved covariates of the n units z(),--- 2" the loss function is averaged over all the
randomness in the observed covariates, the interventions, and the outcomes. In other words, for
every i € [n], the idealized convex program has infinite samples from Jxz With unobserved covariates
z conditioned to be z(¥). Thus, the convex program in (14) can be seen as a single sample version of
this idealized program, thereby providing an intuitive justification of our loss function (instead of
a maximum likelihood objective, which is not tractable here). As we show later in our proofs (see
Section. 7 for an overview), different partial averages on the RHS of (13) also admit useful properties
and are critical to our analyses.

We note that loss function in (13) is a generalization of the loss functions used in Vuffray et al.
(2016, 2022); Shah et al. (2021a). In particular, if the unobserved confounding is identical across units,
e, W =... = g*() then E(@) in (13) can be decomposed into p independent loss functions, one
for every ¢ € [p]. These decomposed loss functions are identical to the ones used in these prior works.

3.3.2 Causal estimate

Given the estimate @, our estimate of the expected potential outcome ,u(i)(a(i)) under an alternate
intervention a® € AP« (8) is derived as follows: First, we identify Yy ¢ RP«*Py to be the
component of © corresponding to u and y for all u € {v,a,y} and 9(iy) € RPv to be the component
of 8 corresponding to y. Next, we estimate the conditional distribution of y for unit i as a function
of the interventions a, while keeping v = v and z = z() fixed as

fya(yla) o< exp ([é“’w + 200730 4 2gT W]y + y@@vy)y). (15)

Finally, we estimate ,u(i)(a(i)) as the mean under the above conditional distribution, given by

A @) 2 B lyla = a). (16)

yla

which can be computed by standard algorithms for estimating marginals of graphical models, e.g.,
via the junction tree algorithm (Wainwright et al., 2008) or message-passing algorithms.®

This follows from (Bubeck et al., 2015, Theorem. 3.7) by noting that £(0) is O(p) smooth function of ©.
In general, estimating the marginals exactly is computationally hard for undirected graphical models. While the
junction tree algorithm works well for graphical models with small treewidth (Wainwright et al., 2008, Section. 2.5),
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4 Main results

In this section, we analyze our estimates. First, we provide our guarantee on estimating the unit-level
and the population-level parameters in Section. 4.1. Next, we provide our guarantee on estimating
the causal estimand of interest in Section. 4.2. Before stating our main results, we define a standard
notion of complexity of the set Ag, namely metric entropy (defined below) that our guarantees rely
on.

Definition 2 (e-covering number and metric entropy). Given a set V C RP and a scalar € > 0,
we use C(V,e) to denote the e-covering number of V with respect to ||-||1, i.e., C(V,e) denotes
the minimum cardinality over all possible subsets U C V that satisfy V C UyeyB(u;e), where
Blu;e) 2 {veRP: ||lu—vl|]; <e}. We let My(e) = logC(Ag,e) denote the metric entropy of Ay,
and Mg () = nMg(ne) denote a scaled version of it.

Next, we state two settings with upper bounds on the metric entropy, and we use them as running
examples to unpack our general results throughout this paper.

Example 1 (Linear combination). Consider a set Ay containing vectors with bounded entries that
are also a linear combination of k known vectors in RP collected as B € RP** je., Ay = {Ba:ac
R* | Ball < a}. Then, Dagan et al. (2021, Lemma. 11) implies that Mg(n) = O(klog (1 + %))

Further, Mg, (n) = O(%k)

Example 2 (Sparse linear combination). Consider a set Ay containing vectors with bounded entries
that are also a s-sparse linear combination of k known vectors in RP collected as B € RP¥F j.e.,
Ag = {Ba:a € R" ||, < s,|Balls < a}. Then Dagan et al. (2021, Corollary. 4) implies that
Mo(n) = O(slogklog (1 + %)) Further, Mg, (n) = O(%).

4.1 Guarantee on quality of parameter estimate

Our non-asymptotic guarantees use an assumption of a lower bound on the smallest eigenvalue of a
suitable set of autocorrelation matrices.

Assumption 2. For any z € ZP= and t € [p], let Amin(2,t) denote the smallest eigenvalue
the matriz Ey,[X X'z = z] where X £ (x, 2x_1x¢,x¢ — a%,,/3) € RPTL. We assume Amin
Min e zp: tefp) Amin(2,1) is strictly positive.

>,

We note that all eigenvalues of any autocorrelation matrix are non-negative implying Apin(2,t) > 0
for all z € ZP= t € [p]. Assumption. 2 requires Amin(2,t) > 0 for all z € ZP= ¢ € [p] and serves as a
sufficient condition to rule out certain singular distributions (Shah et al., 2021b, Section. 5).” In
Appendix. B.2, we show that Ay = Q(e™) when ©% = 0 for all ¢ € [p] as in Ising model where
x¢ =1 for all t € [p].

We are now ready to state our main result that characterizes a high probability bound on the
estimation error for the estimate @ computed via (14). To simplify the presentation, we use ¢ and ¢/
to denote universal constants or constants that depend on the parameters o, £max, and Apin and can
take a different value in each appearance.

e.g., for trees or chains as in hidden Markov models or state-space models, message-passing algorithms are the default
choice for computing approximate marginals for complex graphs, especially with cycles. However, message-passing
algorithms may induce additional approximations, which we do not discuss here.

"Essentially, we use this assumption to lower bound the variance of a non-constant random variable (Appendix. B.1).
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Theorem 1 (Guarantee on quality of parameter estimate). Suppose Assumptions. 1 and 2 hold. Fix
ane >0 and § € (0,1), and define

, ; , 0—0
R(e,8) 2 max{ce® 5\/Iog(logp/5)+/\/lg(ce*c B, ev} with v= max ” J|1 (17)
0.0cM,||0—0]2
and
— A &2 5
Maon(e,0)2 Mo (7 ) +pMo (R (5, 9)). (18)
Then, with probability at least 1 — §, the estimates (:),(/9\(1), e ,é\(”) defined in (14) satisfy
. ce®Pp? (p log &5 + MG,n(52))
10—0%l2,00 <€ when n > i (19)
and
N . ce”Bpt(plog 2 + My, (e, L)
max |0 — 0*@)||, < R(e, é) when n > ( 3e i ) (20)
i€[n] n €

We split the proof into two parts: First, we establish the bound (19) in Appendix. B, which we then
use to establish the bound (20) in Appendix. C.
2 —1/2
Our guarantee in (19) provides a non-asymptotic error bound of order (plogp :\;ﬁi’”(n ) (where
we treat 3 as a constant) for estimating ©* although the n samples have different unit-level parameters
{9*(")}’;:1. On the other hand, after squaring both sides and dividing by p, the guarantee (20) for the

unit-level parameters can be simplified as follows:® whenever n > ¢e=4p* (plog (Q—Qg + ./\/19771(82 /p) +
pMey(c)), we have

MSE(8, 6*) < max {52, Ma(c)+log(log 2) }
B p

(21)
where we use v < /p in (17) and treat 3 as a constant. For large n so that € is small, this error
scales linearly with the metric entropy My—the error becomes worse as the unit-level parameter set
Ay becomes more complex.

The next corollary (stated without proof) provides a formal version of the population-level
guarantee in (19) and the unit-level guarantee in (21) for the two examples discussed earlier. We
treat [ as a constant and note that the dependence is exponential as in Theorem. 1.

Corollary 1 (Consequences for examples). Suppose Assumptions. 1 and 2 hold. Then, for any fized
e >0 andé € (0,1), the following results hold with probability at least 1 — 6.

(a) Linear combination: If Ag is as in Ezample. 1, then for all i € [n],

cp® (plog 5+ %)

16—6*l2.00 <e for n> o
SO log(log 2 5(log Ly +k+ 2
MSE(8?, 1) < max {52, c(k-+log(log 5))} for n> cp’ (log 5si+ +a2)'
P g

8We replace §/n in (20) by & as we do not require a union bound over i € [n] for unit-wise guarantees.
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(b) Sparse linear combination: If Ag is as in Example. 2, then for all i € [n],

~ 2 log 2 slogk
160"z <e for n> P PloBgT )
€
2 log k
MSE(a(i) 9*(i))<max{52 c(slog k:—Hog(logg))} for n>cp5(log Frtslogk+22% )
) — I - 4 .
p €

Corollary. 1 states that, as long as n is polynomially large in p, our strategy learns the unit-level
parameters (on average in terms of mean square error across coordinates) for each user if p is large
compared to either the number of vectors k (Example. 1) or the sparsity parameter s (Example. 2).

Sharpness of guarantees and generalization of prior results The exponential dependence on
B in Theorem. 1 is unavoidable given the lower bounds for learning exponential families even with
i.i.d. samples (Santhanam and Wainwright, 2012). Regarding the dependence on error tolerance ¢,
prior works with suitable analogs of our loss function provide two different error scaling: (i) 1/¢* in
Vuffray et al. (2022); Shah et al. (2021a,b) and (ii) 1/¢? in Vuffray et al. (2016) and Shah et al. (2023).
The works in category (ii) use techniques from Negahban et al. (2012), and it remains an interesting
future direction to see whether similar ideas could be used to sharpen the error scaling of 1/&* to
the parametric rate of 1/¢? in Theorem. 1. We note that improving the dependence on ¢ in (19)
improves the dependence on ¢ as well as p in (20). In the special case of equal unit-level parameters
(0*1) = ... = 9*()) | the analysis in Appendix. B to establish the bound (19) can be modified to
recover (up to constants) prior guarantee (Shah et al., 2021a, Lemma. 9.1) on learning exponential
family from n i.i.d. samples. Further, the guarantee (20) recovers the prior guarantee (Kandiros
et al., 2021, Theorem. 6) as a special case where the authors consider learning an Ising model from
one sample when the population-level parameter is known up to a scaling factor.

4.2 Guarantee on quality of outcome estimate

Our non-asymptotic guarantee on outcome estimate assumes that the following matrices are suitably
stable under small perturbation in the parameters: (i) the covariance matrix of y conditioned on a, z,
and v and (ii) the cross-covariance matrix of y and y;y conditioned on a, z, and v for all ¢ € [p,].

Assumption 3. For any set B containing 0,0, there exists a constant C(B) such that

sup max { [Cotg,o(y,yla, 2,v)lop, max [Como(y, vyla, ,v)lop | < C(B),  (22)
9,0¢B t€lpy]

almost surely. The expectation in (22) is with respect to the distribution of y conditioned on a = a,
z = z, and v = v which is fully parameterized by 6 and O, and can be obtained from (6) after
replacing 0(z) by 6.

In Appendix. D.1, we show that C'(B) is a constant for a class of distributions. We note that this
assumption is common in the literature on learning Gaussian graphical models to rule out singular
distributions (Won and Kim, 2006; Zhou et al., 2011; Ma and Michailidis, 2016).

We are now ready to state our guarantee for the estimate i) (@®) (see (16)) of the expected
potential outcomes for any unit i € [n] under an alternate intervention a(¥ € AP*. We assume
Dv = Da = Dy for brevity. See the proof in Appendix. D where we also state a more general result.
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Theorem 2 (Guarantee on quality of outcome estimate). Suppose Assumptions. 1 to 3 hold. Then
for any fizred € > 0 and § € (0, 1), the estimates {i® (@)}, defined in (16) for any {a® € APa}7_,
satisfy

ln? @%) — a9 @)l

)
< — >
gré% CB;) _R(s,n)—i-pa for n>

/ 2 —
ce”Pp(plog 5 + Mo (e, 2)

with probability at least 1 — &, where R(e, ) was defined in (17), /\79,”(5,5) was defined in (18), C'(B)
was defined in (22), and

* (% Y
B 2 {0 € [|0—0*D], < R(z-:, ﬁ)} x {0 ¢ Ao max [©:— 07 |2 < e}

Repeating the algebra as in (21) and treating C'(B;) as a constant, the bound (23) yields the
following simplified bound for the MSE of our mean outcome estimate () (a(®) for unit 4 € [n] under

treatment @ € APa: whenever n > e ~*p*(plog % + Mo (€2 /p) + pMy(c)), we have
My (c) +log(log §)

MSE(u® (@), i (@")) <+ . .

This bound is of the same order as in (21) and can be formalized for the two examples (Examples. 1
and 2) by deriving a suitable analog of Corollary. 1. In a nutshell, in both settings, the unit-level
expected potential outcomes can be estimated well when the total number of units n is large and the
observations for each unit are high dimensional compared to the number of vectors k in Example. 1
or the sparsity parameter s in Example. 2. We omit a formal statement for brevity.

Finally, we also note that as in Theorem. 1, the exponential dependence on 3 is expected to be
unavoidable due to the principle of conjugate duality (Wainwright et al., 2008), i.e., the existence
of a unique mapping from the parameters to the means and vice versa for the exponential family.
Moreover, as in the discussion after Corollary. 1, the sharpness of the rate of 1/e* is left for future
work. Improving the dependency on ¢ in (23) would also improve the dependency on p.

5 Possible extensions

We now discuss how to extend our theoretical results with various relaxations of the exponential
family modeling.

5.1 Modeling only the conditional distribution as exponential family

Our framework and analysis can be extended to the setting where, instead of the joint distribution
fw of w = (z,v,a,y), we model only the conditional distribution fy,,, of y conditioned on a, z, and
v as an exponential family. Note that when the joint distribution fy, is an exponential family, the
conditional distribution fy|a .y is also an exponential family, however a vice versa implication does
not hold so that the setting considered here is a strict generalization of our previous setting. In fact,
the conditional distribution fy|, ., being an exponential family puts no restrictions on the marginal
distribution f,y a of the unobserved covariates, the observed covariates, and the interventions as is
the case with non-linear panel data models (Section. 2).
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To estimate the expected potential outcomes (9 (@) in (8) for any given unit 7 and any alternate
intervention a'?, it suffices to estimate the conditional distribution of fylazn(lv=a,v= vz = 2())
y for unit i as a function of the intervention a (as in (15)). This task is equivalent to estimating ()
in (5) under the exponential family models in (2) or (3).

In Section. 3.2, under the exponential family in (2), we argued (for analytical convenience) that
learning (" is subsumed in learning the parameters corresponding to the conditional distribution
fxjz of x = (v,a,y) conditioned on z (which also belongs to an exponential family with linear and
quadratic interactions) as in (6). Then, we set the goal of estimating the parameters in (7) and
designed a loss function to do so. The loss function depended on the conditional distribution fyx_, -
(11) of the random variable x; conditioned on x_; = &_; and z = z for every t € [p].

Under the exponential family in (3), we focus on directly learning the components of (7) relevant
to learning v, i.e.,

0r(29) = ¢*W) 420N T 200 c RPvXL - forall t e {py+pa+1,- - ,po~+Pa +py} (24)
OF = (o) o+ W)y e RP*Y forall te€ {py+pat1l, - 0o+pa+py}  (25)

We note that the conditional distribution f,y_, ya. of the random variable y; conditioned on
Yyt =Y, V=v,a=a, and z = z for every ¢ € [p,] is consistent with the conditional distribution
th’|sz/72 in (11) for every t' € {py+pa+1,- - ,pu+pa+py}. Asaresult, we can adapt the loss function
in (13) to learn the parameters in (24) and (25) by summing over ¢t € {p, + po + 1, -+ , Dy + Do + Dy}
instead of ¢ € [p]. Consequently, the guarantees in Section. 4 continue to hold with p replaced by p,.

5.2 Higher order terms in the conditional exponential family

In Section. 5.1, we described how our framework and results apply when only the conditional
distribution fy|a . is modeled as the exponential family distribution in (3) where the term inside the
exponent is linear in (z,v,a) and quadratic in y. We now describe how our framework and results are
applicable when the conditional distribution fyj, ., is modeled as the following exponential family
distribution

Fyiazn(yla, z,v) o exp (qo(v, a, y))exp (227 2EVy), (26)

where ¢g (v, a,y) is some bounded degree polynomial in (v, a,y) parameterized by @, i.e., the term
inside the exponent is linear in z and arbitrary bounded degree polynomial in (v, a,y). We note that
every term in ¢¢(v, @, y) needs to depend on y for it to contribute to Jylazy in (26). For convenience,
hereon, we ignore any dependence on v, and abuse notation to let ¢3(a,y) = ¢ (v, a,y). Then, in
(3), go(a,y) was a polynomial of degree 2 | i.e.,

go(a,y) = ¢ (a,y) 2 Sum(qb(y) Oy+20 0 (ay)+ 20 o (yo y)>,

where ® denotes the Hadamard product, ® denotes the Kronecker product, ® = (¢, (@) o))
with ®¥) being symmetric, and Sum(s; + --- + s5) € R sums, over all i € [h], all the entries of s
which could be a real number/vector/matrix/tensor. To explain how the loss function in (13) needs
to be modified for general ¢¢(a,y), we consider a polynomial of degree 3:

a(ay) = 0§ (@ y) +Sun( D - @D 6 (w @ uy @ y)),
(u1,ug)e{(a,a),(a,y),(y,y)}
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where ¢, 4 = cay = 3, ¢y,y = 1 are constants chosen for consistency, and P (u1,u2,y) ¢ RPuy XPuz XPy g
symmetric with respect to indices that are repeated for every (ui,u2) € {(a,a), (a,y), (y,y)}. We
illustrate the two steps from Section. 3.3.1 below.

Centering sufficient statistics of the conditional distribution of a variable The conditional
distribution f,|y_, a, of the random variable y; conditioned ony_t = y_¢, a = a, and z = z for every
t € [py] is given by

Trly_taz (yt|y_t, a, z) X exp <Sum( [qﬁt(z) + Z 20 (Wt) @ g + Z cu17U2¢(u1,uz,yt) ©) (u1 ® ug)} Yt
’LLE{y_t,CL} (Ul7“2)€{(aﬂ)7(a»y—t),(y—t,y—z)}

2
i [q)(yt,yt) + ) 3@ @u} (yg _ wnéax) + (b(yt,yuyt)yg)),
ue{y_¢,a}

where ¢(z) 2 ¢W) +20G%) © 2 ¢, ,, , =3, and ¢,y , = 6. Let ®; denote the concatenation of
all the remaining parameters. As in (12), the term 2, /3 inside the exponent is vacuous and centers
the sufficient statistics y2. The other sufficient statistics, i.e., x; and x;, are naturally centered as
their integrals with respect to the uniform distribution on X are both zeros.

Constructing the loss function Now, it is easy to see that the corresponding loss £ is given by

L= > % eXp<‘5m<[¢§“ + 3 200 oud 3 e, 00 6 (uf @ uf) |y

t€[py] i€[n] u€{y—¢,a} (u1,u2)€{(a,a),(a,y—t),(y—t,y—¢)}
u i )12 xr2nax )73
—+ [(I)(l/t,yt) +€{Z ?;(D( Yt Yt) ® u( )} ([%E )] _ 5 ) + O Weye:yt) [yg )] )))
ue{y—_¢,a

and minimizing this convex loss results in the estimates of {qﬁgi)}ie[n] and {®;}sep,. Consequently,
the guarantees in Section. 4 continue to hold with p replaced by p, as long as Assumptions. 1 to 3
are appropriately generalized.

Tilting the base distribution We note that the exponential family in (3) can be rewritten as
fylazyv(Yla, z,v) o< exp (2zT<I>(Z’y)y) exp (2UT§>(”’y)y) exp (2aT<I>(a’y)y) exp (gzﬁ(y)Ty + yTtﬁ(y’y)y),

where exp (qb(y)Ty + yT®(y’y)y) stands for a base distribution on y which is exponentially tilted by
z, v, and a, i.e., by exp (ZzT@(Z’y)y), exp (2'UT<I>(”’y)y), and exp (2aT<I>(“’y)y), respectively. Then,
generalizing the exponential family in (3) to the one in (26) is equivalent to saying that our approach
and results continue to apply when (a) the base distribution on y is an exponential family distribution
where the term inside the exponent is arbitrary bounded degree polynomial (instead of quadratic)
and (b) the exponent of the exponential tilting of this base distribution by (v, a) is arbitrary bounded
degree polynomial (instead of linear).

5.3 Discrete and mixed variables

In Section. 3.2, we described how our framework and results are applicable when the support of v, a,
and y are bounded continuous sets, i.e., V = A =) = [~Zmax, Tmax)- In Section. 5.1, we showed that
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it suffices to only model the conditional distribution fy,,, as an exponential family distribution
implying that we do not need any restrictions on the support of v and a. Now, we describe how to
adapt our loss function wheny = (y1,---,¥p,) € V1 X - x Vp, where ) is either a discrete compact
set or a continuous compact set for ¢ € [p,].

We note that the conditional distribution f,,|y_, va, of the random variable y; conditioned on
Y-t =Y, V=", a=a, and z = z for every t € [p,] is still consistent with the conditional
distribution f,x_,, . in (11) for every t" € {py+pa+1,--,py+pe+py}. However, the constants
used to center the sufficient statistics in (12) may change. More precisely, for any t € [p], the
sufficient statistics x; and x? are centered by subtracting Fy, [Xt] and [, [xf], respectively where U;
denotes the uniform distribution supported over );. Consequently, the loss function in (13) as well
as Assumption. 2 can be adapted, and the guarantees in Section. 4 continue to hold.

6 Application: Imputing missing covariates

Consider a setting with no systematically unobserved covariates z; instead, elements of (v, a,y) are
missing or have measurement error for some fraction of the units. Our goal is to impute these missing
values or denoise the measurement error in the observed values.

Problem setup For the ease of exposition, we assume the observed covariates v can have
measurement error’ but the interventions and the outcomes do not have any measurement error.
More concretely, for every unit i € [n], along with the interventions a” and the outcomes y®, we
observe T = v(®) + Av(® instead of true covariates v(*) where Av( denotes (unobserved) bounded
measurement error. We assume that a certain number of units (known to us) have no measurement
error: say, Av(®) =0 for all i € {n/2+1,--- ,n}.

Questions of interest Besides counterfactual estimates, our goal is to estimate Av(® for units
with measurement error.

6.1 A theoretical guarantee

Our methodology can be applied to estimate these measurement errors when the joint distribution
of the true covariates v € XPv the interventions a € XP¢, and the observed outcomes y € XP¥ can
be modeled as an exponential family, parameterized by a vector ¢ € RP and a symmetric matrix
® € RP*P where p £ p, + g + py, i.e., with w £ (v, a,y)

fw(w; ¢, @) x exp (d)T'w + wTCD'w), where w 2 (v,a,y), (27)

and v £ (v, ,vp,), @ = (a1, -+ ,ap,), and y = (y1,- - ,Yp,) denote realizations of v, a, and y,
respectively. To estimate the counterfactual distribution, we decompose v into v and Av, and obtain
the distribution of the observed quantities x = (V,a,y) conditioned on Av = Aw as follows (see
Appendix. E for details)

d) —20@)T Ay
fxjav(z|Av; 0(Av),0) cexp ([G(AU)]T$+$T@QE) where §(Av) 2 | p(® -2 Ay || (28)
dW —23@UT Ay

90ur analysis remains the same when observed covariates v are missing instead of having measurement error.

18



x = (v,a,y), © 2 &, and D, a, and y denote realizations of v, a, and y, respectively. As in
Section. 3.2, to estimate the counterfactual distribution, it suffices to learn §(Av) € RP*! and
O € RP*P,

Let fw(-;¢*,®*) denote the true data generating distribution of w in (27) and let fy Av( .
|Av; 6*(Av), ©*) denote the true distribution of x conditioned on Av = Av. We assume (a)
max {[|Av|| ., [|0* |l s | 2" lmax} < o and (b) ||®*||loc < B analogous to Assumption. 1 where the
row-wise /1 sparsity in (b) is assumed to be induced by row-wise £y sparsity, i.e., || ®7[|, < 8/« for
all t € [p]. Then, given realizations {z® iy consistent with fy A\,( A 6*(Av®), @*), first, we
estimate the parameters ¢* and ®* = ©* using the realizations for units {n/2 +1,--- ,n}. Next,
we exploit the structure in the problem to show that §*() £ ¢*(Av(®)) can be written as a linear
combination of known vectors with some error, for every unit i € {1,---,n/2}. Then, we use (14) to
estimate {0*(i)}?:1 and obtain estimates of {Av(i) *, as by-products. In particular, the estimate
of the coefficients associated with the aforementioned linear combination for #*() turn out to be
our estimate of the measurement error Av® for every i € {1,--- ,n/2}. Fori € {n/2+1,---,n},
estimating 0*® and Av( is straightforward since 6*@ = ¢* and Av(® = 0. We provide our guarantee
on estimating ©*, 0*® for i € [n], and Av® for i € [n] below with a proof in Appendix. E.

Proposition 2 (Impute missing covariates). Suppose the eigenvalues of B' B are lower bounded
by kp for some k > 0 where B2 [qﬁ*, —2®7,--- ,—QQ;U] eRP*@otY) | Then, for any fized 1 > 0 and

0 € (0,1), there exists estimates O and {é\(i)}?zl such that, with probability at least 1 — ¢,

ce®P log %

I8 — ©*[l2.00 <1 when n > = ’
1
and
i ] B v 1 1 op 060/5 log @"‘pv
mz[l}](MSE@l)ﬁ*(l)) < max {5%, ce”? (po-+log(log 7)) } when n > ( Ve )
1€ln D El

Further, for any fized e > 0, if 2 < %, /ﬁ, there exist estimates {&)(l)}?zl such that,

{ C1E3k ce®'P (po+log(log )

max ||&)(l) — Avl|[3 < max ,
po+ 1 Pk

}—I—z—:%m,
i€[n]

with probability at least 1 — &, whenever n > ceclﬁm_zz—:;Q(pv—l—l)(log % + pv).

The above guarantees can be simplified as follows by treating 8 and x as constants as well as
ignoring the constants, and the logarithmic factors in n and ¢ (denoted by = and 7): for any £; > 0

8 pu+1 -
~ 1
18-0"l200 < 1 when n 2 5L, (29)
&1
. . 1
max MSE(#), () < max {5%, &} when n 7z ng72+pv7 (30)
1€[n] p €1
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and

(i . 2 1
max HAv(l) — Av@|3 < max {8—2, &} +¢e3  when n pv(og—g—i-pv)' (31)
i€[n] Dv P €2

2
For large n, whenever, max {e?, %”} = P and max {;—i, %} = B¢, the guarantees in (30) and (31)

can be written as

. . v 1
max MSE(#"), 9*) < Py when n = p ng, (32)
i€[n) p Do
and
(i ) 2 1
max ||A'v( ) Av@|2 = Py when n = posp (33)
1€[n] D Do

Remark The measurement errors can be recovered well as long as enough units with no measurement
error are observed (i.e., n/2 is large) and the observation per unit is high dimensional (i.e., p is large
compared to p?). We note that the quadratic dependence (on p,) in (33) arises because of the error
in expressing 0*() as a linear combination of known vectors. In contrast, we get a linear dependence
(on k) in Corollary. 1(a) where there is no error in expressing 8*(*) as a linear combination of known
vectors (via Example. 1).

6.2 Simulations

We now present some simulation results to empirically evaluate the error scaling of our parameter
estimates with three key aspects of the application above: number of units n, dimension p, and
dimension p, of covariates with measurement error.

Data generation We choose X = [—1,1] and p, = py, = (p—py)/2. The true joint distribution (27)
of w2 (v,a,y) is set as a truncated Gaussian distribution with the parameters ¢* = 1 € R? and a
positive definite ®* € RP*P generated using sklearn package (Pedregosa et al., 2011) such that o = 6,
8 =4, and kK = 0.15. We draw n i.i.d. samples {w(i)}?:1 from this true distrbution using tmuvtnorm
package (Wilhelm and Manjunath, 2010). Next, we generate Av(®) uniformly from [0.9, 1]?* for units
i€ {1,---,n/2} while setting Av() = 0 for other units. Combining {w®}?_, and {Av®}?_, yields
{2y, (see (28)).

Plot details In Figure. 3, we plot the scaling of errors in our estimates for ©* in the top row,
{9*(i)}?:1 in the middle row, and {Av(i)}?zl in the bottom row. In particular, we present how the
error scales as the dimension n grows for various p and p,. We plot the averaged error across 50
independent trials along with +1 standard error (the standard error is too small to be visible in our
results).

To help see the error scaling, we provide the least squares fit on the log-log scale (log error vs
log x-axis). We display the best linear fit and mention an empirical decay rate in the legend based
on the slope of that fit, e.g., for a slope of —0.56 for estimating ©* when p = 16 and p, = 4, we
report an empirical rate of n=% for the averaged error. In the middle row and the bottom row of
Figure. 3, the rates vary from n%% to =17, and we omit these weak dependencies in the legend to
reduce clutter.
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Figure 3: Error scaling with number of units n, for various p and p,, for our estimates of ©* (top
row), {#*M}7_, (middle row), and {Av®}7_, (bottom row).

Error scaling for © From the first row of Figure. 3, we observe that the error I 0-0* ll2,00 admits a
scaling of between 17056 and n=942 for various p and p,. These empirical rates indicate a parametric
error rate of n=9% for |||@—@*|||2,OO, consistent with the scaling of £=2 in (29). Further, as expected,
the error |||@—@*W2,oo does not depend on p, but increases with an increase in p.

Error scaling for 9 In the middle row of Figure. 3, we see the error max;c, MSE(é\(i), (1))
has a weak dependence on n for a fixed p and p,, decreases with an increase in p for any fixed n
and p,, and increases with an increase in p, for any fixed n and p. This is consistent with (30)
when max {e7, %”} = %” (see (32)). Further, we note that the decay of the error with p is slower
for smaller n (cf. n = 2! vs n = 2'4). This is expected from (30) where the n required to ensure

max {5%, %}: %’ increases with an increase in p. As a result, for larger p, 5% comes into the picture
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explaining the increased dependence of the error on n (cf. p =16 vs p = 128).

Error scaling for &J(l) The trends in the error max;cjy H&}(Z) —Av@||? are similar to the error

MaX;e|p] MSE(,6*@). In the bottom row of Figure. 3, we sece maxie[n]HA\v(z)—Av(i)H% has a
weak dependence on n for a fixed p and p,, decreases with an increase in p for any fixed n and
pv, and increases with an increase in p, for any fixed n and p. This is consistent with (31) when

2
max {I%, %} = %“ (see (33)). For the same reason mentioned in the previous paragraph, we see a
slower decay in the error with p for smaller n (cf. n = 2" vs n = 2'4), and a higher dependence of

the error on n for larger p (cf. p = 16 vs p = 128).

7 Proof Sketch for Theorem. 1: Guarantee on quality of parameter
estimate

Our proof of Theorem. 1 proceeds in two stages (see Figure. 4 for an overview). First, we establish
(19) for estimating ©*. Next, we use this guarantee to establish the unit-level guarantee (20) for each
of { o) ... ,9*(")} by substituting © = © in (14), i.e., analyzing the following convex optimization
problem:

{5(1), e ,é\(")} € argmin E(@, o ... ,9(")). (34)
{61, 0(m}eAn
7.1 Estimating the population-level parameter

In the first part, we show that all points © € Ag x A}, such that [|©; — Of||2 > ¢ for at least one
t € [p], uniformly satisfy

c'B,.2
L(0) > L(O*) + Q(e?) for n > 0664 : (p log % + Moy (52)>, (35)

with probability at least 1 — §. Then, we conclude the proof using contraposition.
To prove (35), we first decompose the convex (and positive) objective £(©) in (13) as a sum of p
convex (and positive) auxiliary objectives £y, namely, £(©) = > cp,; Lt (©,) where

0L e (= 0+ 200 Al - Bufp - T]). )

L( | 3
i€[n]

[©

Next, for any fixed ¢t € [p], € > 0, and © € A} x Ag with ||©; — OF||2 > ¢, we show (see Lemma. B.1)

ce®P log E

2 I

L:(0,) > Li(0F) + Q(e?) —e;  whenever n > .
1

(37)

and then establish the same bound uniformly for all ¢ € [p] with probability 1 — §. Taking a sum
over ¢ on both sides of (37), we conclude that for any fixed © with ||©; — ©F||2 > ¢ for some ¢ € [p],

Bp21og P
L£(©) > L(0*) +Q(c*) whenever n > S ¥

e (39)
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Lemma. C.3:
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Theorem. 1: Part II:
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Proposition. F.2:
Tail bounds
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Corollary. H.1

Lemma. C.4

Extend Shah et al. (2021a) [ Theorem. 1: Part I:
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Proposition. G.1:
Identifying weakly
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Extend Dagan et al. (2021)
to continuous RVs \

Figure 4: Sketch diagram of the results and the proof techniques for Theorem. 1. First,
we establish (19) for estimating ©* by extending Shah et al. (2021a, Proposition 1.1, Proposition
[.2) for i.i.d. data to non-identical samples. Next, we use (19) to establish (20) for the unit-level
parameters {9*(“}17-”:1 via suitable concentration results for derivatives of the auxiliary loss functions
in k(39). En route, we establish three results of independent interest: (i) Proposition. F.1 that
shows that weakly dependent and bounded random variables satisfy logarithmic Sobolev inequality
(LSI) by both extending Marton (2015, Theorem. 1, Theorem. 2) and establishing a reverse-Pinkser
inequality to continuous random vectors; (ii) Proposition. F.2 that extends the tail bounds Dagan
et al. (2021, Theorem. 6) to continuous distributions satisfying LSI; and (iii) Proposition. G.1 that
extends the conditioning trick Dagan et al. (2021, Lemma. 2) for identifying a weakly dependent
subset to continuous random vectors.

with probability at least 1—¢§ where we substituted 1 =ce?/p. Finally, we conclude (35) by using
(38), the Lipschitzness of £ (see Lemma. B.2), and a covering number argument (see Appendix. B).

We establish (37) (Lemma. B.1) via Lemma. B.3, which provides suitable concentration and
anti-concentration results for the first-order and second-order derivatives, respectively, for the auxiliary
objective £; in (36). We prove Lemma. B.3 by extending the results from Shah et al. (2021a) to the
setting with non-identical but independent samples {z(?) ~ fx|z( 2@ 0% (2®), @*) Sy

7.2 Estimating the unit-level parameters

In the second part, we decompose the convex optimization problem in (34) into n convex optimization
problems:

. R . NN ‘ 2
£ (G(i)) £ Z exp < — [9151) + 2@2:_,5213(_11] xgz) — @tt([:nl(f)]Q — xnéax)) for i € [n]. (39)
te(p]
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Noting that the set Aj places independent constraints on the n unit-level parameters, namely
6 € Ay, independently for all i € [n] and combining (13) and (34), we find that

. 1 N . o

min E(@,H(l),--- ,0(”)) 392 min £ (0(2)) — 0" e argmin £ (9(’)),

{6 ... oMYA nie[n] 0y (A,

for each i € [n]. Next, we establish that with probability at least 1 — 4,

. . . ) B4 2 _
£O(90) > £O(8*®) + R2(c,8) when n > Cegj’ (p log (% + Mon(e, 5)), (40)

uniformly for all points #%) € Ag with [|0®) — 0*@ |y > R(e, ) (see (17)). We conclude the proof by
contraposition with the basic inequality £ (6®) < £&(¢*@) and a standard union bound over all
i€ [n].

The proof of (40) mimics the same road map as that for (35). Lemma. C.1 shows that for any
fixed 00 € A, if 6@ is far from 6*(), then with high probability £ (6(")) is significantly larger than
£ (9*(1')). We prove Lemma. C.1 via concentration of derivatives of £ (39) in Lemma. C.3, this
objective’s Lipschitznes in Lemma. C.2, and a covering number argument (see Appendix. C).

The proof of Lemma. C.3 involves several novel arguments: First, for a 7-Sparse Graphical Model
(Definition. G.1), i.e., a generalization of the random vector w in (2), Proposition. G.1 identifies a
subset that satisfies Dobrushin’s uniqueness condition (Definition. F.2) after conditioning on the
complementary subset. Second, Proposition. F.1 shows that a bounded and weakly dependent
continuous random vector (defined using Dobrushin’s uniqueness condition) satisfies the logarithmic
Sobolev inequality (LSI). Third, Proposition. F.2 establishes tail bounds for arbitrary functions of a
continuous random vector that satisfies LSI. Putting together these results and a robustness result
(Lemma. C.4) while invoking concentration results to account for the estimation error for ©*, yields
Lemma. C.3.

8 Discussion

We introduce an exponential family approach to learn unit-level counterfactual distributions from
a single sample per unit even when there is unobserved confounding. By conditioning on the
latent confounders and using a novel convex loss function, we estimate the parameters of unit-level
counterfactual distributions given the information about what actually happened. The resulting
estimates of unit-level counterfactual distributions enable us to estimate any functional of each unit’s
potential outcomes under alternate interventions. We analyze each unit’s expected potential outcomes
under alternate interventions, thereby providing a guarantee on unit-level counterfactual effects, i.e.,
individual treatment effects. We note that our approach makes only macro-level assumptions about
the underlying causal graph and does not assume the knowledge of the micro-level causal graph.

A side product of our results is a strategy for answering interventional questions, e.g., to estimate
average treatment effects. These questions are equivalent to estimating distributions of the form
fyldo(a)(y|do(a = a)) where the do-operator (Pearl, 2009) forces a to be a. Under the causal framework
considered (Figure. 1(b)), we have fy|4o(a)(y|do(a = a)) = Ey z[fyja.v(¥la, z,v)]. Consequently, the

mixture distribution n~1 2icln] fy(f;(y]a) with f}g(y\a) defined in (15), serves as a natural estimate
via our strategy. Investigating the efficacy of this estimator is an interesting future direction.

In this work, the conditional exponential family distribution of y in Section. 3.2 or in Section. 5.2
was such that the effect of unobserved covariates z—after conditioning on them—was captured by a

24



first-order interaction term varying with the realized value of z for each unit, e.g., {H(z(i))}?zlfor the
conditional distribution in Section. 3.2. Focusing on Section. 3.2, when one considers higher-order
interaction terms in the joint distribution, the conditional distributions would also have higher-order
interaction terms (the highest order in the conditional distribution is one less than the highest order
in the joint distribution) that vary with z. Focusing on Section. 5.2, the exponent of the exponential
tilting of the base distribution of the outcomes by the unobserved covariates could have higher-order
terms. For such cases, while our analysis for population-level parameters (Theorem. 1 Part I's proof
in Appendix. B) is likely to extend easily, new arguments for analyzing quadratic (or higher-order)
interaction terms that vary for each unit seem necessary. Developing these results, e.g., suitable
analogs of Dobrushin’s condition for higher-order exponential family, present an exciting future venue
for research.

Our methodology can be useful for a class of multi-task learning problems (Caruana, 1997), e.g.,
when we have multiple logistic regression tasks with some commonalities. For a logistic regression
task, the exponential family model (6) has been used by Dagan et al. (2021) to allow dependencies
between the labels via the parameter © (instead of assuming independence between the labels), e.g.,
for spatio-temporal data. They consider a single regression task and assume that the dependency
matrix © is known up to a constant and learn a task-specific parameter 6(z) (where z denotes a
task). Our model and methodology apply to the case of fully unknown © given multiple datasets
that share the same dependency parameter © but have varying task-specific parameters 6(z); and
provide a tractable way to estimate all these parameters together. In fact, our framework and results
also apply beyond the quadratic dependencies captured by © as described in Section. 5.2. Analyzing
whether our methodology can be extended beyond logistic regression models for multi-task learning
is a question worthy of further investigation.
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A Proper loss function and projected gradient descent

In this section, we prove Proposition. 1 showing that the loss function in (13) is a proper loss function.
We also provide an algorithm to obtain an e-optimal estimate of ©.

A.1 Proof of Proposition 1

Fix any z € ZP=. For every t € [p|, define the following parametric distribution

fx|z (ac|z; 9*(2)7 @*)
fxt|x_t,z(xt’w—t7 Z; 9t(z), et)’

where fy,(2|2;0*(2),0*) is as defined in (6) and f,,x_, ,(z¢|@_¢, 2;0:(2), ©;) is as defined in (12).

Letting 7; £ 27 — 22,,,/3 and using (12), we can write uy, (x|z; 6¢(2), ©;) in (41) as

Uyjz (223 01(2), O;) o (41)

Unjo ()23 04(2), ©1) o fp (2]250%(2), %) exp (— [04(2) + 20, @]z — OuTy).

Then, we have

. (:c|z 0,(2) @t) _ fxiz (:c]z; 0*(z), @*) exp (— [Ht(z)+2®Z,ta:_t]:ct—@ttft)
x|z ’ ’ fm e Xz (:c|z; 0*(z), @*) exp (— [Ot(z)+2@]5T_t:1:_t]xt—@ttft)dw
€ ,
gz (w|z; 0*(z), 6*) exp ( — [0:(2) + QGZ_t:B_t]xt — @tt@)
IEx\z [GXP ( —[0:(2) + 2@:,7#34]% - Gttft)}
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Further, for 6;(z) = 0 (z), and ©; = ©F, we can write an expression for u, (z|2; 6 (2),©F) which
does not depend on x; functionally. From (12), we have

ux\z(w’z; Qz(z)a @;) o8 fx_t\z (:D—t’z; 0*(z)7 @*) . (43>
Now, consider the difference between KL (ux, (#|2; 07 (2), 0F) |[ux, (z]2; 6:(2), ©)) and
KL (ux‘z(w|z; 07 (z), @f) fo‘z(:c|z; 0* (=), @*)). We have

KL (ux|z(' ‘Z;@:(z),@* Hux\z( |z.9t( ) @t))
— KL (ux|z( |z; 07 (= @* fo|z |z;c9*(z),@*))

(a) * * fx|z(x|279 (z)ae*)
= 10 I
/aceé\?gx|2(w|z’ t(Z)’et) o8 UX\z(w‘z§9t<z)a@t)

65(2). O 1 Eyz [eXP (= [0:(2) + 20, 2]z — @ttft)]
meng\z(ivlz, i(2),67) g exp (= [0:(2) + 20/ @ iJwr — Oum)
= log EX|Z [exp ( — [Gt(z) + ZGZ_tw_t]xt — (H)ttft)}

(42) da

- / iz (]2: 67 (2), 07) (10u(2) + 207 _ i)z, + Oy dac
T

exr

b
(:) IOg ]Ex\z |:6Xp ( — [Ht(z) + 2@;7t$_t]l‘t - ettft)} y (44)

where (a) follows from the definition of KL-divergence and (b) follows because integral is zero
since uy, (2]2; 07 (2),©F) does not functionally depend on z; as in (43), and fxteX x¢dr; = 0 and
fwteX Tidx; = 0. Now, we can write

Exjz|£ Z Z Exz {eXp [0:(=1) + GZ_tcc@]xgi) — @t@gi))}
tE[p i€[n]
44) , . i i
LS5 e (KL (ugal(- 129567 (20),07) (- 127:61(7), 0)

telp] i€ln]

KL (g (- 127567 (2), ©7)

fea(-12050°(0),0%) ) ). (45)

We note that the parameters only show up in the first KL-divergence term in the right-hand-side of
(45). Therefore, it is easy to see that E,),[£(©)] is minimized uniquely when 0:(2%)) = 67 (2) and
©; =07 for all ¢t € [p] and all i € [n], i.e., when © = ©.

A.2 Algorithm

In this section, we provide a projected gradient descent algorithm to return an e-optimal estimate of
the convex optimization in (14). We note that alternative algorithms (including Frank-Wolfe) can
also be used.

We note that, in general, projecting onto the space A} x Ag may not be easy depending on the
specific form of Ag. For Examples. 1 and 2, projecting on Ag is equivalent to projecting onto the
k-dimensional vector a. For Example. 2, the {y-sparsity is relaxed to ¢; sparsity. We also do not
focus on any issues that may arise due to the choice of the step size 7.
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Algorithm 1: Projected Gradient Descent
Input: number of iterations 7, step size 7, €, parameter sets Ay and Ag
Output: e-optimal estimate @5
Initialization: ©(*) = 0

1 for j=0,---,7do

2 L QU+ arg minge ppxpq ||@(j) _ nvﬁ(@(j)) - 9|2

3 ée %@(T-‘rl)

B Proof of Theorem 1 Part I: Recovering population-level parameter

To prove this part, it is sufficient to show that all points © € Ag x A}, such that ||©; — OF||2 > ¢ for
at least one ¢ € [p], uniformly satisfy

cB,.2
L(O) > L(0%) + Q(2) for n > &

<plog5+/\/lgn( )>, (46)

with probability at least 1 —d. Then, the guarantee in Theorem. 1 follows from (14) by contraposition.
To that end, we decompose £(0) in (13) as a sum of p convex (and positive) auxiliary objectives

L:(9,), ie., L(O) = 2otely] L(©,) where

1 i
(e, 2 - 2{:} exp ([0 +20]_ 2l ~0,7"), (47)
1Een
with Tgi) = [xgi)]z r2../3 and ©, = {9 ,912”), ©;} as defined in (13). The lemma below,

proven in Appendix. B.1, shows that for any ﬁxed and feasible ©,, if ©; is far from O}, then with
high probability L, (@t) is significantly larger than £, (@f) The lemma uses the following constants
that depend on model parameters 7 £ (o, 3, Tmax, ©):

Ci,2a+4B2ma and  Ch . £ exp (Tmax (@ + 2B max)).- (48)

Lemma B.1 (Gap between the loss function for a fixed parameter). Consider any © € Aj x Ag.
Fiz any 6 € (0,1). Then, we have uniformly for all t € [p]
Amin [0 — 673

* ce”? og(p/)
(@) = (@) + AR e or iz

with probability at least 1 — &, where Cy . was defined in (48).
Next, we show that the loss function £ is Lipschitz (see Appendix. B.3 for the proof).

Lemma B.2 (Lipschitzness of the loss function). Consider any ©, Oc Ag. Then, the loss function
L is QxfnaXCzyT—Lipschitz in a suitably-adjusted €1 norm:

1£(8) - £(0)] < 22 Car (3181~ Oull + - 37 159 — 00, ), (49)
te[p] " iefnl

where the constant Cy . was defined in (48).

Given these lemmas, we now proceed with the proof.
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Proof strategy We want to show that all points © € Ag x Ay, such that ||©; — Of|2 > ¢ for at
least one t € [p|, uniformly satisfy (46) with probability at least 1 — §. To do so, we consider the set
of feasible © such that the distance of ©; from O} is at least € > 0 in ¢ norm for some ¢ € [p], and
denote the set by Ag x Ay (see (50) and (9)). Then, using an appropriate covering set of Ag x Ay
and the Lipschitzness of £, we show that the value of £ at all points in Ag x Ay is uniformly Q(e?)
larger than the value of £ at ©* with high probability.

Arguments for points in the covering set Define the set
52 {0 cr:0 =0 [0l < a0l < fmax]O] 0222} (50)
telp
Let U(Ag, ") be the e’-cover of smallest size for the set Ag with respect to ||-||; (see Definition. 2)
and let C(Ag,e") = [U(AG,€’)| be the &’-covering number. Similarly, let U(Ag,e”) be the ”-cover of

the smallest size for the set Aj with respect to [|-||; and let C(Ay,e”) = [U(Ag,€”)| be the &”-covering
number. We choose

5’27)‘“”522 and s"éi*mmg”? . (51)
32$12naX02,‘r 32371211&)(02,7'

Now, we argue by a union bound that the value of £ at all points in U(Ag, e’") xU(A,€") is uniformly
Q(e?) larger than £(©*) with high probability. For any © € U(Ag), ') x U(A},€"), we have

@
doller —exls > &, (52)

te[p]

where (a) follows because U(AG,e’) C AG. Now, applying Lemma. B.1 with & < Amin52/40277p and
6+ 0/(C(Ag,€") +C(A},€")) and summing over ¢ € [p], we find that

Amin ||©¢ — ©F 5 )\ming2
> c(0) > X (afer) o el =0l )

te(p] t€[p]
* )\min * 2 )\min52
= L£(8) = £(87) + 55 > I16F —&nlls — 75
2,7 telp] 2,7
(52 * Aming2
> L(O%) + 1,

with probability at least 1 — ¢/(C(Ag,€’) + C(A},€"”)) whenever

> ce”Pp?log ((C(Ag,e") x C(Ay, ")) - p/d)

)\Iznin€4 . (53)
By applying the union bound over U(Ag,e") x U(A},€"), as long as n satisfies (53), we have
* )\rnin<€2 . e / n "
L(©) > L(0") + 1C uniformly for every © € U(Ag, &) x U(Ag,e"), (54)
2,7

with probability at least 1 — 0.
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Arguments for points outside the covering set Next, we establish the claim (46) for an
arbitrary © € Ag x Ay conditional on the event that (54) holds. Given a fixed O e AgG x Ay, let
O be (one of) the pomt( ) in the cover U(Ag, &) x U(Af, ") that satisfies 3 ep, 16, — Oyl1 < &’
and 3¢y 16 — 9(®||; < &” (there exists such a point by Definition. 2). Then, the choices (51) and
Lemma. B.2 put together imply that

ﬁ(é) 2 ﬁ(@) maXCQT< Z H@t @tHl + — Z ”9 — 9(1 H >
te[p]

2 / 5” (51) )\minf‘:2 (54) * Amin52
> L‘(@) —225,0xCo (6 + E> > ﬁ(@)— 8Cs,, = ﬁ(@ )+ 8C,,, :

Bounding n  Using Ag C Ag and the outer product definition of 6", we find that
C(AG,€") <C(Ao,e’) and C(Af,e") = (C(Ag, ")) (55)
Putting together (51) and (55), the lower bound (53) can be replaced by
C’B 2
p
n 2 2

1'1’111’1

p )\mln )\minng2
<log6+logC(A@, B >+nlogC(A97 T )),
which yields the claim immediately after noting that

logC(A@, Am“}f) (6219 log (

AmninnEe> ) M, ()\minna‘? ) .

S )) and logC (Ag, —o?B )= e

B.1 Proof of Lemma. B.1: Gap between the loss function for a fixed parameter

Fix any ¢ > 0, any 6 € (0,1), and ¢ € [p]. Consider any direction Q, = {wt(l), . ,wt(n), Qi } € RMHP
along the parameter ©,, i.e.,

Qt = @t — @;, and Qt = ®t — 6? (56)

We denote the first-order and the second-order directional derivatives of the loss function £; in (47)
along the direction ), evaluated at ©, by dg, £:(©,) and 822£t(® ), respectively. Below, we state a
lemma (with proof divided across Appendix. B.1.1 and Appendlx B.1.2) that provides us a control
on do, L¢(6;) and 8?25 L+(©,). The assumptions of Lemma. B.1 remain in force.

Lemma B.3 (Control on first and second directional derivatives). For any fized e1,e9 > 0, 61,02 €
(0,1), t € [p], © € A} x Ao defined in (13) and §; defined in (56), we have the following:

(a) Concentration of first directional derivative: with probability at least 1 — 01,

801 702 \T max log

2
€1

‘8Qtﬁt(Qf)‘ <eq forn > % and uniformly for all t € [p].

(b) Anti-concentration of second directional derivative: with probability at least 1 — ds,

4 4 2p
32C’leﬂ:max log =
2,12
e5C5

Amin ||Qt”g

— &9 for n>
02,7'

3§f£t(@t) > and uniformly for all t € [p].
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Given this lemma, we now proceed with the proof. Define a function g : [0,1] — R
g(a) £ 6F +a(9, — 7).

Notice that ¢(0) = ©f and g(1) = O, as well as

dL(g(a)) 5 *Li(g(a)) _
— g = 90.LdO)|g g and — 5 =0 52 L1(8. D18, —g(a) (57)
By the fundamental theorem of calculus, we have
dLi(g(a)) _ dLi(g(a)) - d?Li(g(a))
> —_—.
da - da ‘“:0 ta ag%ér,ll) da? (58)
Integrating both sides of (58) with respect to a, we obtain
dL(g(a)) a® . d*Li(g(a))
_ > g \INT) il A ANV
ala(e)) = £o9(0)) = =5y + T min =0
(:)aaﬁ ‘ —i—ajmlna L( ‘
Qt 99) 2ae(01)—2t 99)
@a@ ﬁ(@*)+—2 min 92 Li( ‘
AT ae(01) 02 £4(81)]8,~g(a)
b) N
> —alOg, £4(07)| + ?ag%(l)nl) aj[,t o, \9 —g(a)’ (59)

where (a) follows because ¢(0) = ©f and (b) follows by the triangle inequality. Plugging in a =1 in
(59) as well as using g(0) = ©F and ¢(1) = O,, we find that

L4(0,) — L4(©]) > ‘89 L:(O ’ + mln)@Qzﬁt ’6 —g(a)’

2 ae(0,1

Now, we use Lemma. B.3 with

0
€1<—<g, 51<—|§, g9 <€, and 52<—|§
B
Thus for n > M, we have

e2

* 3 1 )\min HQt”g Amin ||QtH§
— @ > ——t = —= — - Tz __
£4(8) = L£4(81) 2 =3 2( Cy., c 20, . ©

uniformly for all ¢ € [p], with probability at least 1 — 4.

B.1.1 Proof of Lemma. B.3(a): Concentration of first directional derivative

For every t € [p] with €, defined in (56), we claim that the first-order directional derivative of the
loss function defined in (47) is given by

1 DT (i i (i
00, L1(8;) = - Z ([Ag )]Tw()> exp(— [9() +2@ ()] () @ttxt)>; (60)
1€[n]
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w!? xgi)

. t , o . .
where Agz) £ int € RPL and () £ 21;913;?) € RPHL for all i € [n] with fgl) = [x(l)]z —
Qi Egi)

x2 ../3. We provide a proof at the end.

Next, we claim that the mean of the first-order directional derivative evaluated at the true parameter
is zero. We provide a proof at the end.

Lemma B.4 (Zero-meanness of first directional derivative). For every t € [p] with Q, defined in
(56), we have E[dg, L(07)] = 0.

Given these, we proceed to show the concentration of the first-order directional derivative evaluated
at the true parameter. Fix any t € [p]. From (60), we have

60) 1 DT ~(4 *(i i)y (i (i
dp,£4(07) = == > (Ia780) exp (- 167 + 20T, ))ef” - 0;,7").
i€[n]

Each term in the above summation is an independent random variable and is bounded as follows
(19T739) x oxp ( — 07+ 2617 0 ef? — 0320)]

(@) ‘ (wgi)xgi) + QQZ,ta:@g;gi) + Qttjgi)> X exp ( _ [9:(1) 4 2@:7233@)]%(1') *7(2-))‘

—tlTy " — Pudy

O i (i U o

< Jleof”] + 2121129 oo % @max x exp ((1077] + 20167 112 o) 2max)
(c)
< (204 + 85xmax) X Tmax X €XP ((Oé + Q/meax)xmax> (4:8) 20177-0277-$maxv

where (a) follows by plugging in Agi) and (¥, (b) follows from triangle inequality, Cauchy-Schwarz
inequality, and because ||£?||oo < Zmax for all i € [n], and (c) follows because 8*(*) € Ay for all
i € [n], ©* € Ao, w® € 2Ag for all i € [n], Q € 2Ae, and || |0 < Tmax for all i € [n].

Further, from Lemma. B.4, we have E[@Qt Ly (@f)] = 0. Therefore, using the Hoeffding’s inequality
results in

n52
B(lo0, 00| > @) <200 (- gz o)

The proof follows by using the union bound over all ¢ € [p].

Proof of (60): Expression for first directional derivative Fix any ¢ € [p]. The first-order
partial derivatives of £; with respect to entries of ©, defined in (47) are given by

OL(O,) -1 @ i iy (i _( :
6;£i)t = 73:15 ) exp (—[0§ )—1—2@2_,533(_%]:6% )—Gttacg )> for all ¢ € [n], and

0L(©,) . _72 Zie[n] xgi)mg) eXp (‘ [Qgi)+262—t$91]x£i) _@ttfgi)> for all u € [p]\{t}.
901, =1 > icln] fgl) exp (— [951) —|—29;':_tm(_11]:r§2) —@tﬁgz)) for u =t.

32



Now, we can write the first-order directional derivative of L; as

0, £:(0,) 2 lim Li(O + hiy) — L4(©)) _ 3wl OL(©)) 3 _OL(©))

t i
" " R e

-1 i )70 _(
-— Z( +2 Z Qtuxt )—l—Qttx( )> exp (—[915 L{—Q@Zﬁﬁnﬁﬁx% L @tﬂg )
i€[n] uelp]\{t}
-1 % 7 % 7 —(2 —(2
= — (wt( )$§ )+29t77t33(,)t€13§ )+Qtt$£ ))exp ( [9( )+2®t 4L ( )] (i ) G)tt (@ )>
i€[n]
a) —1 T ~ (i i i), (i _(i
@ — Z ([A,g )]Ta:( )> exp (—[9,5 )+2®Z,tm£)t]x§ )—@ttxg )),
i€[n]

where (a) follows from the definitions of Agi) and (™.

Proof of Lemma. B.4: Zero-meanness of first directional derivative Fix any ¢ € [p|. From
(60), we have

E[0q,£:(67)]

60) 1 NT ~(i i _(i

@ —nZEmm,z(i){([Aﬁ &) exp (= [0 +20: Lo “—@;xg))}
i€[n]

(C") 1 7 ~(q * 1 7

= ZH %HEM [A;BEMZM @0 exp (—[6(=0)+26; T 2" -0}z “)H,
1€|njuep+

where (a) follows by linearity of expectation and by plugging in 6] @ — 07 (2(). Now to complete
the proof, we show that for any i € [n],u € [p+ 1] and 2() € 2P+ we have

Epopz0 |39 exp (= [0:(z) +20; L 20)al” — €72") ] = 0.
Fix any i € [n],u € [p+ 1] and 209 € ZP=. We have
Ep)20) [551(}) exp ( — [65 (") + 2@?;95@5]909 - @fﬁgi)ﬂ

= / 70 exp (- 107(27) +20: L@ el — 043" ) fyp (2]27) da)

XP
= / 70 exp (—[9:(z<i>)+2@;ﬁtw2} W _ena ) Fe a2 )]20)
XxP

th|X tZ( (Z)| Q&?Z(i);ez(z(i))a@;)dm(i)

. / 7 b o (2)20) d)
I+ exp 0* @) + 2077, a:(z)}xg Dy (S 7! ))da:ti)

—t

N / /5(i)dx(i) fx t|2( t\z(l)daz(_%
o e (16 (20) + 207 T @ Oel? + 0707 )dal?
xp-t x &P Tt ttLt t
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—
=

= 0,

where (a) follows by plugging in fy,|x_, (xiz)\w(_l%, 20 0% (2), ©7) from (12) and (b) follows because
fX xii) dxgi) =0 and fX fgi) dxgi) =0.

B.1.2 Proof of Lemma. B.3(b): Anti-concentration of second directional derivative

We start by claiming that the second-order directional derivative can be lower bounded by a quadratic
form. We provide a proof in Appendix. B.1.2.

Lemma B.5 (Lower bound on the second directional derivative). For every t € [p] with , defined
in (56), we have

02Li0) = —— 3 (1af)7a)

"o i€[n]
wgi) xl(ti)
where Agl) 21q] | eRFFandz® 2 ng%:pgi) € RPHL for alli € [n] with ng) = [acgz)r—xﬁjax/(?
Qe fgi)

and the constant Cy . was defined in (48).

Given this, we proceed to show the anti-concentration of the second-order directional derivative. Fix
any t € [p] and any © € A} x Ag. From Lemma. B.5, we have

010 = —o— Y (1af7a0)" (61

nCoyr i€n]

A N2
First, using the Hoeffding’s inequality, let us show concentration of %ZZ €] ( [AEZ)]Ti(l)) around
its mean. We observe that each term in the summation is an independent random variable and is
bounded as follows

(1207730 P @ (@2 + 202z’ + 0yzf")”
2 2 2 2 (49

® , ©)
< (Jwol? 1420121 2D o0 22 < (20+8BTmax) 2o = ACT %0

where (a) follows by plugging in Aﬁi) and £®, (b) follows from triangle inequality, Cauchy-Schwarz
inequality and because || ||o < Zmax for all i € [n], and (c) follows because Q € 2Ag, w® € 2A,
and ||| oo < Zmax for all i € [n]. Then, from the Hoeffding’s inequality, for any ¢ > 0 we have

1 nT~0\> _ 1 (T ~() ) 2 . ne’
P(nZOAt]m ) nZE([At]m ) >6)<26Xp 20T 1)
i€[n] 1€[n] T
Applying the union bound over all ¢ € [p], for any ¢ € (0,1) and uniformly for all ¢ € [p], we have

% 3 ([Af)]Ti(i))Q > % 3 E[([Aii)]Tﬁ:’(i>)2] e, (62)

i€[n] i€[n]
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with probability at least 1 — § as long as
320 a4
n > o b <2p>
€ )

. N2
Now, we lower bound E{([AEZ)]T5(2)> } for every ¢t € [p| and every i € [n|. Fix any ¢ € [p] and
i € [n]. We have
)T ~()) 2 i ~(D) =@ T 3G i
E,o 40 [([Ag >]T;,,-<>> ] —E,, [[Ag NTE 00 [mox() 12! )} Al )}

(a) a1 ®
> MminEyo [ IAP1B] = Ananll213, (63)

where (a) follows from Assumption. 2 and (b) follows from the definition of Agi). Combining (61)
0 (63), for any ¢ € (0,1) and uniformly for all ¢ € [p], we have

1
o (Al =),

320%,Txfnax 1o 2£
g2 A

8& L(©,) >
with probability at least 1 — ¢ as long as

n >

Choosing ¢ = 620277_ and 0 = J9 yields the claim.

Proof of Lemma. B.5: Lower bound on the second directional derivative For every t € [p]
with , defined in (56), we claim that the second-order directional derivative of the loss function
defined in (47) is given by

1 T ~(0)) 2 i iy (i _(i
8é§£t(@t) = z{:} ([A§ )}T:L'( )> exp ( - [9£ ) 4 ZGZ,ta:g]xE ) @ttxg )), (64)
i€n
where Agz) = |:QtTt € RPT! and z() £ 2:13@53:?) € RPHL for all i € [n] with Egz) = [acgz)f -
Qtt T?EZ)

x2../3. We provide a proof at the end.

Given this claim, we proceed to prove the lower bound on the second directional derivative. Fix any
t € [p]. From (64), we have

1 T ~(0)) 2 i iy (i (i
8&&(@75) = g Z ([AE )]T;c( )) X exp ( — [gg ) + 2@tT,7tw(_3:]x£ ) _ ettxg ))

i€[n]

—

a

>

N

S

i ~(i 2 i 7
(1270) " x exp (= (161 + 2104l 12 o)

1€[n]
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(é % - ( A(Z .’E(Z)> X exp ( —(a+ 25£Umax)$max>
1€
(48) :T ([A§i)]T5(’)>27

where (a) follows from triangle inequality, Cauchy-Schwarz inequality and because ||"]|oo < Zmax
for all i € [n], and (b) follows because ) € Ay for all i € [n], © € Ag, and || ||o0 < Zmax for all
i € [n].

Proof of (64): Expression for second directional derivative Fix any t € [p]. The second-order
partial derivatives of £, with respect to entries of ©, defined in (13) are given by

0%L4(© L ()2 i iy (i (i ,
% - - [xg )] exp ( — [9£ ) 4+ 26);%93(71]3:% ) _ @ttl’g )) for all i€ [n],
0[6:"]
%Eie[n] [xii)]zw(ui)xz(,i) exp (_ [9( )+2@ (Z)] ) _@,, x( ))
for all u,v € [p]\{t}.
%Zie[n] Egi)xgi)xg) exp (— [9§i)+2@z,t (l)] (@) — 0y xE ))
02L1(0,) _ ‘ A Afor all u € pI\{t} and v=t.
001,01y 2 Zze[n] :L"t xt :rq())exp (— [0?)4—2@,;_,5:1:(_1,)5]30?)—@t@y))
for all v € [p]\{t} and u=t.
_(i)72 i i) (i _(
%Zie[n] [:UE )] exp (— [915 )+2@Z_tsc(,1]:c§ )—Gtt:ﬁg ))
for v=t and u=t.
2 0l exp (47207 a1l 0,20
D*Ly(©,) 0*°L4(©) for all i € [n],u € [p]\{t}.

00u6 06000, | Laz exp(-100+20] a2~ 013"

for all i € [n],u =1.
Now, we can write the second-order directional derivative of L; as

o, L4(©, + hQ 1) —00,L4(8,)

02,£4(©,) £ lim

h—>0
o £t 0’ Et (2) 0? Et [S) )
=Y W2 ZZ QS TE1E) | 5 5l T EHE)
i€n] a[gt ] u€[p] velp] 06, @tv i€[n] u€lp| 8®tu ()
= 1 Z([u) +42Qtuafjt ZQ g; 33 (0) 1 40),, 7. )ZQtuiL‘t u Qttxi)]Q
" i€ u€[p] vE[p] u€[p]
+ 4w ZQ ru @ 20 (0 [Qttjg )D Xexp<_ [9§1)+2@t7_tx(_21]$§ )_@tﬁgz‘))
w€(p]
S (0l 20 )+ 0 e (0 20 ) 00
i€[n]
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@ 1 T ~00)) 2 i i)y (i G
Eo3 (1a7@0) e (- 07 + 200 _2Uat” - 0uz”),

1€[n]

where (a) follows from the definitions of Agi) and .

B.2 Example for Assumption. 2
As seen in (63), Assumption. 2 is used to lower bound E_u) ) [([Agi)]T%(i))Z] by [|]3. In this

section, we show that E) ) [([Agi)]Ti(i))Z} can be lower bounded by [|€%]|3 without requiring
Assumption. 2 if ©F, = 0 for all ¢ € [p] and the row-wise ¢; sparsity of © in Assumption. 1 is assumed
to be induced by row-wise £y sparsity, i.e., [|©¢, < 8/a for all t € [p]. To that end, first we claim

that the conditional variance of xgz) conditioned on x_; = ac(_l% and z = 20 is lower bounded by a
constant for every t € [p] and i € [n]. We provide a proof in Appendix. B.2.1.

Lemma B.6 (Lower bound on the conditional variance). We have

2 e for allt € [p] and i € [n]
meCy . ’

Var(:cgi) ‘m(_zi, z(i)) >

where the constant Cy . was defined in (48).

Given this lemma, we proceed. We have
E {([Agz)] (’)> ] (>) Var {[AE“]TEE(’)] ® Var [w,g ):ci Dy 20, 2 E 2l (65)
where (a) follows from the fact that for any random variable a, E[a?] > Var[a] and (b) follows because
we let Q4 = 0 since ©} = 0. We define the following set to lower bound Var [wt(i)xgi) +20, a:(i)wl(f)]:
EO*) 2 {(t,u) € [p]* 1 t <u,Of, #0}, (66)

and consider the graph G(©*) = ([p],£(0*)) with [p] as nodes and £(O©*) as edges such that
iz (z]z;0*(2), ©*) is Markov with respect to G(©*). We claim that there exists a non-empty set
R: C [p] \ {t} such that

(i) Ry is an independent set of G(©*), i.e., there are no edges between any pair of nodes in R;, and

(i) the row vector Qy satisfies Y, oo [Qul? > ﬁ 1905

Taking this claim as given at the moment, we continue our proof. Denoting R £ [p] \ R, and using
the law of total variance, the variance term in (65) can be lower bounded as

wggz,zuq]

<>>]

ol =)

Var w2 +20] 2Oz’ )] > E{V“[Wﬁz)wﬁ)ﬂﬂf Qe

@ 4E[ Var( Z Qtux

UER:

[ Z 02 Var(

uER
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¥ 16 1624 |12
max Q Lmax 2 67
N eQCSTu% "2 (30 + 1)CS, (o7

where (a) follows because (a:&z ))ueRg are deterministic when conditioned on themselves, and t € R,
(b) follows because (xﬁ))uent are conditionally independent given :1:%)g and z(® which is a direct

consequence of (i), (c¢) follows because of the local Markov property (as the conditioning set includes
all the neighbors in G(©*) of each node in R;), (d) and (f) follow from Lemma. B.6, and (e) follows

because E[(:cgl))ﬂ = E[E[(mﬁi))ﬂm(%, (i )H > Var(z ’ (@) © z z))
Combining (65) and (67), we have

i ~(i)\2 16xfnax
Boo a0 (AT 89)°] 2 oo ol

It remains to construct the set R; that is an independent set of G(©*) and satisifies (ii).

Construction of the set R, For every u € [p], let N'(u) denote the set of neighbors of v in G(0*),
e, N(u) = {v € [p: (u,v) € EO)}J{v e [p: (v,u) € E(O*)}. We start by selecting r1 € [p]\ {t}
buch that

|| > Q4| forall we [p]\{t,r}.
Next, we identify o € [p] \ {t,r1, N (r1)} such that
|Qry| > || forall we [p]\ {t,r1,N(r1),r2}-

We continue identifying rj3,...,rs in such a manner till no more nodes are left, where s denotes
the total number of nodes selected. Now we define R; = {ry,--- ,rs}. For any u € [p], we have
IN(uw)] < |©%]lo < B/a from (66) and Assumption. 1. Using this, we see that R; is an independent
set of G(©*) as claimed in (i) such that it satisfies (ii) by construction.

B.2.1 Proof of Lemma. B.6: Lower bound on the conditional variance

For any random variable x, let h(x) denote the differential entropy of x. Fix any ¢ € [p] and i € [n].
Then, from Shannon’s entropy inequality (2h(-) < log /2meVar(+)), we have

. . . (a) . . .
2W6Var(xgl)|w(_zl,z(z)) > exp (2h(m§1)|w(_z%,z(l))>. (68)
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Therefore, to bound the variance, it suffices to bound the differential entropy. We have
— h(:cg")}m@, z(i))

= / fxz( ’ ))log (fxt|x t,Z (xt |x(lta @; et( ())79:))dm(l)dz(z)

(4) (1)7..(9) (@)
/ fx’z(x(izz(i))10g< exp ([0 (= )+2@ L)z + 057 t)) .>dw(i)dz(i)

XPX 2Pz Jxexp (107 () +207 tw( )]$§1)+@tt$£ )dwgz)

a (1) (3)
(Z) / fx’z(w(l), Z(Z)) 10g< exp ((|(9;(Z ‘ )|+2H@?H1 Hm ‘ ||oo)33max) (Z)> dw(z)dz(’)
Jrexp (—(167 (@) [+2[07 1|2 || o0 ) 2max) g

2 / ﬂAﬂh@W@( exp (@ + 28max)ma) >mm¢@

XPxZPz fX exp ( (a + Q/meax xma )
C3. . C2
/ fual@}2) log (m&)d‘”(z)dz(z) log (2;’ ) (69)
XPxZPz max max

where (a) follows from triangle inequality and Cauchy—Schwarz inequality and because 129 || 0o < Zimax
for all i € [n], (b) follows because 6*(z()) € Ay for all i € [n], ©* € Ag, |£?]|oe < Zmax for all

i € [n], and (c) follows because [, dx,g) = 2Tmax. Combining (68) and (69) completes the proof.
B.3 Proof of Lemma. B.2: Lipschitzness of the loss function
Consider any direction 2 = @ — ©. Now, define the function ¢ : [0, 1] — R as follows

a(a) = L(© +a(© - ©)). (70)

Then, the desired inequality in (49) is equivalent to

4(1) — a(O)] < 20 Cor (1000 + Zuw Ik )-

te(p]

From the mean value theorem, there exists a’ € (0,1) such that

R R e e [N A}
Using (60) in (71), we can write
\q(l)—Q(U)}
Z Z ( T zU )) X exp (— [(9@ + a'(g,gi)—9£i)))+
tE[p i€ln

2(@’&’% * a,(étv*t_gt:*t))Tw@} xgi) - (®tt + a/(étt - @tt))fl(f)> ‘

39



< exXp (([(1 a )Oé+(l Oé] + 2[(1 a )B—FCL ﬁ]xmax xmax)

>3 (1af m())‘

te[pli€n]
®) 22,,C, |
S x 2 Z Z HA = meaxCZT( Z HQtHl + = Z Hw(z)’h),
te[p] i€[n] te(p) ZE[n]

where (a) follows from triangle inequality, Cauchy—Schwarz inequality, 10N o) ¢ Ay, O, 0c Ao,
and |2 < Tmax for all i € [n], (b) follows from (48), the triangle inequality, and because
|2 |00 < Zmax for all i € [n], and (c) follows from the definition of A(Z)

C Proof of Theorem 1 Part II: Recovering unit-level parameters

To analyze our estimate of the unit-level parameters, we use the estimate O of the population-level
parameter ©* along with the associated guarantee provided in Theorem. 1 Part I. We note that
the constraints on the unit-level parameters in (14) are independent across units, i.e., 01 e Ay
independently for all i € [n]. Therefore, we look at n independent convex optimization problems by
decomposing the loss function £ in (13) and the estimate © in (14) as follows: For i € [n], we define

Z exp ( Dy 2@t tar:( )] M _9 tz,@)
t€lp]
and 6% £ argmin £ (G(i)). (72)
(e
Now, fix any i € [n]. From (72), we have £ (é\(i)) < £ (0*(i)). Using contraposition to prove
this part, it is sufficient to show that all points #) € Ay that satisfy [|8®) — 6*®)||y > R(e,6) also
uniformly satisfy

cﬁ 2
= (plog 5 + Mon(=.9)). (73)

LO0D) > £O(0*D) + R (¢,5) when n > £

with probability at least 1 — ¢ where R(e,d) was defined in (17) and /\/l(;,n(e, ) was defined in (18).
Then, the guarantee in Theorem. 1 follows by applying a union bound over all ¢ € [n].

To that end, the lemma below, proven in Appendix. C.1, shows that for any fixed 8() e Ay, if 8 is
far from 6*(), then with high probability £ (H(i)) is significantly larger than £() (9*(i)).
Lemma C.1 (Gap between the loss function for a fixed parameter). Fiz any e >0, § € (0,1), and
i € [n]. Then, for any 0% € Ay such that |0 — 6*@ ||y > ey (see (17)), we have

2

) ) . ) 22534 ) . ceC/5p4 P2 €
@ (@)} > £ (g+(0) max || (i) _ g(i)]|2 e
£O(00) 220 (070) + =2z 00 =00 for n> == {plos 5 +-Mon ().

with probability at least 1 — & — cB?log p - exp(—e~P||0®) — 0*@)||2) where Cy, was defined in (48).

Note. When we invoke Lemma. C.1, we ensure that ¢3%logp - exp(—e¢?||0®) — *@)||2) is of the
same order as d.

Next, we show that the loss function £ is Lipschitz (see Appendix. C.2 for the proof).
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Lemma C.2 (Lipschitzness of the loss function). Consider any i € [n]. Then, the loss function £
is Lipschitz with respect to the £1 norm ||-||1 and with Lipschitz constant TyaxCs ,, i.e.,

1£D (D) — LO(0D)| < 2imaxCy 10D — 0D |1 for all 99,61 € Ay, (74)
where the constant Cy . was defined in (48).

Given these lemmas, we now proceed with the proof.

Proof strategy We want to show that all points #() € Ag, that satisty ||§() — 6*?)||, > R(e, d),
uniformly satisfy (73) with probability at least 1 —4§. To do so, we consider the set of points Ay C Ag
whose distance from 0*() is at least » > 0 in ¢, norm. Then, using an appropriate covering set of A
and the Lipschitzness of £, we show that the value of £ at all points in A} is uniformly Q(r?)
larger than the value of £ at #*() with high probability. Finally, we choose r small enough to make
the failure probability smaller than §.

Arguments for points in the covering set Consider any r > ey (where + is defined in (17))
and the set of elements A} £ {00 € Ag: [|0*®) — 00|y > r}. Let U(A}, &) be the e’-cover of the
smallest size for the set A} with respect to ||-||1 (see Definition. 2) and let C(Ap,e’) be the &’-covering
number where

6/ é 2\/§ﬁx?nax7'2

7'['602677 (75)

Now, we argue by a union bound that the value of £() at all points in U(A5,€") is uniformly Q(r?)
larger than £®)(§*(®) with high probability. For any 0 € U/(A}, &), we have

N @
16*® —6@l2 > 7, (76)

where (a) follows because U(Aj,e’) € Aj. Now, applying Lemma. C.1 with ¢ <= ¢ and § <
d/2C(A},€’), we have

4fﬁxmax * (2
G

WCS)

4\/>5xmax

S\, (76)
— 92 > @) (g
HZ s E ( ) ﬂ_ecg)ﬂ— )

£ (9( )) > £ (9* )

with probability at least 1 — §/2C(A},&’) — c8%logp - exp(—e~#||00) — 6*()12) whenever

2

wz P (prog R (7)), @

By applying the union bound over U(Aj}, '), as long as n satisfies (77), we have

4\[ﬁxmax

£ (9( )) > @ (9* ) —
2,7

uniformly for every 8% e U(A}, &), (78)

with probability at least 1 — §/2 — ¢8%C(A}, ') logp - exp(—e~¢P||0®) — §*(|12) which can lower
bounded by 1 — §/2 — ¢8%C(A}, &) logp - exp(—e~Pr?) using (76).
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Arguments for points outside the covering set Next, we establish the claim (73) for an
arbitrary 6() € Aj conditional on the event that (78) holds. Given a fixed 0) € A}, let 6 be

(one of) the point(s) in the U(A}, ') that satisfies || — ()|, < &' (there exists such a point by
Definition. 2) Then, the choices (75) and Lemma. C.2 put together imply that

@ (5(2')) >0 (e(i)) _xmaX02,7—|’9(i)_§(i)||12 £ (g(z‘)) _ xmaXCZ’Tgl

(75) ) ) 4 2
S0 (9(%))_%
meCs .

78 N 2V2Bxh 2

> £(7’) 9*(1) max

- (67)+ W@CSJ ’
It remains to bound sample size n and the failure probability 9.
Bounding n  Using Ay C Ay, we find that

/ (a) /
C(Ap,=") £ C(Ag,e). (79)

Putting together (75) and (79), the lower bound (77) can be replaced by

Cec’ﬁp4 2 2

2 0 e i)+ 0 (2.

Bounding § To bound the failure probability by d, it is sufficient to chose r such that

5> 8/2 4 cB>C(Ay, e logp - exp(—e ¢ Pr?). (80)
From (79) and (80), it is sufficient to chose r such that

§>6/2+ cB’C(Ng,e')logp - exp(—e ¢ Pr?). (81)

Re-arranging and taking logarithm on both sides of (81) and using (75), we have

2
log 6 > c[log (B2 logp) + Mp (0275) — G_C,BT2:| . (82)
Finally, (82) holds whenever
B B2 1ng !
r > ce“P4/log 5T My(ce=P).

Recalling that the choice of r was such that r > ey completes the proof.

C.1 Proof of Lemma. C.1: Gap between the loss function for a fixed parameter

Fix any € > 0, any ¢ € (0,1), and any i € [n]. Consider any direction w® € RP along the parameter
00 e,

Ww® = g _ gr(9) (83)
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We denote the first-order and the second-order directional derivatives of the loss function £ in (72)
along the direction w(® evaluated at 0) by 9 (LH(0@))) and 8a(i)12£(i)(9(i)), respectively. Below,
we state a lemma (with proof divided across Appendix. C.1.1 and Appendix. C.1.2) that provides us
a control on ) (L (0*?))) and 8@(@}25@ (™). The assumptions of Lemma. C.1 remain in force.

Lemma C.3 (Control on ﬁrst and second directional derivatives). For any fized 1,692 > 0, 61 € (0,1),
i € [n], 89 € Ap with w® defined in (83), we have the following:

(a) Concentration of first directional derivative: We have

) 0+ 4 4 cept (plog 27+ Mo ()
‘aw(i) ('C(Z)(e*(l)))‘ < 51||W(Z)H1+€2”w(l)‘|% for n > d1eq P

e ’
_229,,00) 12
with probability at least 1 — 6, — O<B2 log p exp (W))
(b) Anti-concentration of second directional derivative: We have
N 32v/282%
02, p £9(01) > == max |, 2,
(]2 ng’
with probability at least 1 — <62 log p exp <_‘ H2>> where Cy . was defined in (48).

Given this lemma, we now proceed with the proof. Define a function g : [0,1] — R? as follows
g(a) = 0* 4 a8 — g+,

Notice that g(0) = 8*%) and g(1) = ) as well as

LY (g(a)) i) (i d*L) (g(a)) i) (i
e o0 (LD O |50 _yq)  and — 5 =0, oL 50 gy (8
By the fundamental theorem of calculus, we have
dL%(g(a)) _ dL(9(a)) - d*L9(g(a))
> - A 77
da - da ’“:0 Ta ag%(lﬁ) da? (85)
Integrating both sides of (85) with respect to a, we obtain
: : L (g(a)) a’ d*L9(g(a))
(i) O > g \I\Y) 2 min == W\
£9(g(a)~£9(g(0)) > a3 T+ T min =
a2
) 00,0 (LO@DY) -0 +L min 82, £O@DY],
w(® 6(=g(0) " 9 a€(0,1) [w®]2 6 =g(a)
@ 48 o (2O L L 0 (G|
= ad,m (LY(07) +5 ag%é%a[ @12L(0%) |56 Zg(a)
9 (g0 + & ) (5
2 =al0,0 (VD) + 3 min G 0plDO)]50- (86)
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where (a) follows because g(0) = *(_ and (b) follows by the triangle inequality. Plugging in a = 1
in (86) as well as using g(0) = 0*® and g(1) = #®), we find that

@90y — £O Gy > — LO@OY)| 1 = (@) (g
LYy — £ > |9, (L0 }+ ag%(l)nl)f)[ wpLW (")

0()=g(a)"

Now, we use Lemma. C.3 with g1 < 4\/§Bmﬁlaxs/7reC§’7T, €9 8\/§ﬁxﬁlax/7reC§’7T, and 01 < 0.

—||lw®

2
Therefore, with probability at least 1 — § — O(ﬁz log p exp <H2>> and as long as n >

e's
c,B 1
p!(plog & + My
O( ( 1 n( ))>,Wehave
€
NN - » 22 Bt 235 34 - 245324
L£O gy _ £@) (@) > max® (), 4 Plmax ) ()2 S max ()2
(0= 200 2 = e o0 = 0 4= 0
_ 22 5/meax || )H + 2% 5/meax” (7,)”2
reCy, ¢ 1T Trecy, <
(17) 22.5[.3 4 ey ) 23.56x4 .
> _7111% (@) +7max ()2
> = O + = )
(i) 2> SmeaxH ('L)H2 25 5ﬁxmaxH H2 22 5ﬁ$max” z)||2
=Ty, P e, TR g
where (a) follows because [|w® ||y = [|0®) — *?||; > e according to the lemma statement.

C.1.1 Proof of Lemma. C.3(a): Concentration of first directional derivative

Fix some i € [n] and some %) € Ay. Let w® be as defined in (83). We claim that the first-order
directional derivative of £() defined in (72) is given by

00 €00 = = 3ol exp (~ 9 + 20T he) ~Bal). (s
te(p]
We provide a proof at the end. For now, we assume the claim and proceed.

We note that the pair {x, z} corresponds to a -SGM (see Definition. G.1) with 7 = (a, 3, Tmax, ©).
To show the concentration, we use Proposition. G.1 (see Appendix. G) with A = ﬁ, decompose

0, (LD(07)) as a sum of L = 10243%x% log4p, and focus on these L terms. Consider the L

subsets S, -+, 5L € [p] obtained from Proposition. G.1 with A = W and define
( Z wt xt ) exp ( [02”%2@2_@@]959 f@m@gi)) for every u € L. (88)
teSy

Now, we decompose 0, (ﬁ(i)(ﬁ*(i))) as a sum of the L terms defined above. More precisely, we have

0,0(£0(0" ) T = 3" waf exp (= [0, + 20/ _2)a” - 6z”)
te(p
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@ _ Z 3wz exp< 679 4+ 267 e - éttfgi)>
ue[L] teSy

D23 a0, (59)

u€[L]

where (a) follows because each ¢ € [p] appears in exactly L' = [L/32v/2322,.] of the sets Sy,--- , ST
according to Proposition. G.1(a) (with A = ﬁ) Now, we focus on the L terms in (89).

Consider any u € [L]. We claim that conditioned on a:(A)S and z() | the expected value of 1, (x(?;w®)
can be upper bounded uniformly across all v € [L]. We provide a proof at the end.

Lemma C.4 (Upper bound on expected wu) Fize>0,8 € (0,1),i € [n] and 09 € Ayg. Then, with
) defined in (83) and given 2 and ! s, for all u € [L], we have

2

ce?Ppt (plog L5+ M (5))

m:[iz(]IE P (2D @) | a:(i)s ,z(i)] <el|lw@|y for n>
ue “

)

et

with probability at least 1 — .
(1)

Consider again any u € [L]. Now, we claim that conditioned on x'g and 20 ahy (@ w®)
concentrates around its conditional expected value. We provide a proof at the end.

Lemma C.5 (Concentration of t,). Fiz e > 0, i € [n], u € [L], and 8% € Ag. Then, with w®
defined in (83) and given 2 and :B(_Z)Su, we have

Yu(@D;0D) — B[, (2@ 0 | w%u,z(i)]‘ <e,

: . —&?
with probability at least 1 — exp <e‘3'ﬁ||w(1)||%>
Given these lemmas, we proceed to show the concentration of 9 (L% (6*())). To that end, for any
u € [L], given zc(f)su and z® | let F, denote the event that

Yu(xD;w®) < E[py (2@ 0®)|zl 0] + eallw®|3. (90)

32[B max

Since F, in an indicator event, using the law of total expectation results in

) (a) _ (%)
P(E.) = E[ (Ey |3j x (1))] > 1—exp (W)
M

fﬁxmax

log 4p, we have

where (a) follows from Lemma. C.5 with & <~ Now, by applying the union bound over

all u € [L] where L = 10243%x4

Hl ax

IP’( ﬂ Eu> >1- O(ﬁQIngexp <2(|3|C/ﬂ”2)>

uel
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Now, assume the event Ny F, holds. Whenever this holds, we also have

10,0 (LD (0| < 7l Z |t (20|
90) 1 4 ; - 1 ;
E 1 (2; w® IR ) puap— RO 91
v Blou@eOlal, 20 + el o1
where L' = [L/32v/2322,.]. Further, using Lemma. C.4 in (91) with & < and § < 01,
32\fﬂxmax
whenever
ce?? - p*(plog 5{% + ./\/l(;,n(%))
n > !
- 84 )
1
with probability at least 1 — 41, we have,
1 ) A
9 o (LD e+ @ 4 — (1) |2
20T <3 3 (Wﬁ el + el V)

) ) (a) ) )
?WL<€1"W‘””ﬁlelwmllé) < a1 1+ w3,
max

where (a) follows because L' = [L/32v/2322,.].

Proof of (87): Expression for first directional derivative Fix any i € [n]. The first-order
partial derivatives of £() (defined in (72)) with respect to the entries of the parameter vector ) are
given by

oL@ () ; . N o o~
89((2‘)) - —a:§ Yexp < - [0§ o 29;#‘9(_?5]37% ) @ttfg )> for all ¢ € [p].
t

Now, we can write the first-order directional derivative of £ as

) ) (@) (p() @) _ @) () ' @) (i)
0, (LO(00)) £ g £ T M) ZLEOT) _ g~ 0 9LOT)

h—0 h pert agg )
=3 wial exp ( 10 4 2872 Dal) - @ttjgi))‘
te[p]

Proof of Lemma. C.4: Upper bound on expected v, Fix any i € [n], u € [L], and ) € A,.
(1)

Then, given x> 5. and z(®, we have

) | x@su%(i)}

E{ Z wtl)azy exp ( [Hf(i) + Q@Z,twg]xgi) = (:)ttfgi)> ’ w(l)s ,z(")}

teSy

l—|
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Z OE[2 exp (107 +26] 2 al? — B,5") | 2y 2]
€Sy
93 wE [E [ exp(~[0;+28] o~ Byiz(") [ ), 2]

teSy

w(_z?su, z(Z):| s (92>

where (a) follows from the definition of 1, (z";w®) in (88), (b) follows from linearity of expectation,
and (c) follows from the law of total expectation, i.e., E[E[Y|X, Z]|Z] = E[Y|Z] since m(_lgu - m(_ll
Now, we bound E[mgi)exp(— [Qz(i)—&—Z@Z_ta:gz]xf)— @)ttfgi)) ‘:13(_125, z(")} for every t € S,,. We have

~

E [zgi)exp ( — [Hz(i)jt 2@[_@%959— @ttfgi)) ‘ a:(_zi, z(i)}

:/zgi)exp (_ [9:(142@Z—tw( )] ( ) ®ttxt )thl)Lt z (I'EZ) |m£1t)¢ Z(i); 92( (Z(Z))7 QZ)dZL‘tI)
X
@ [xi” exp (2067, — Oy T2l + [0 - Oulz;”)da)”
[y exp ([6F(z@) + 207 tm(j%]xﬁ D4 @ftx( ))da}gi)

Sz |1+ 2107~ 8y, T2l + (05~ Oula(" | daf”
Jwexo (10:(z0) + 26T @0l + 637" ) daf”
n fx ﬂfgi) [0<[ t*,—t_@t,—t]ngxgl) + [©% éttﬁé”f] dﬂfz(ei)
Jwexo (107(z0) + 26T @l + €33 ) daf”

—
=

4!133 @? t— ét t]Ta:(i)

max[ -1

3 [yexp (0(=0) +20;T 20al” + €73, ) daf”

T (107 ¢ — O1 ) T2")) (65, —Ou)o(1)
Jvexo (07(z0) + 26T 20l + 637" ) daf?”

—

c

~

_l’_

(93)

where (a) follows from (12) and 0*@) = 6*(2)) Vi € [n], (b) follows by usmg the Taylor 561‘165
expansion exp(y) = 1 +y + o(y*) around zero, (c) follows because [, x; @ g ( fX x Z)x,g dx;' M =
fX( ) dx ( - fX (Z( IEZ))delEZ) = 0, f)( (x§2))2dx§z) = max/3 and fX (xt )2§§z)d$§1) =
8xmax/45 R R

Now, we bound the numerators in (93) by using [|©f — O¢||1 < /p||©F — O¢||2. Then, we invoke
Theorem. 1 to bound ||©F — ©|2 by & < % Therefore, we subsume the second term by

mIsnax\/ﬁ
the first term resulting in the following bound:

26’2,’r1’€)1121)(\/ﬁ||(._);fk - ®t H2
3 s

~

[x,g )exp( [0*(i)—i—2@2_tw@]x§i)— @tﬁgi)) }:c(_zi, z(i] <

(94)

where we have used the triangle inequality, [|£®||os < Zmax for all i € [n] as well as [|©F — O,|; <
VP1©F — O¢||2 to upper bound the numerator, and the arguments used in the proof of Lemma. B.6

as well as f Py dxgi) = 2% max to lower bound the denominator.
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3
Using Theorem. 1 in (94) with € <~ % and 6 d, we have

202,Tx§nax\/]3
E[xgz) exp < — [0; x(0) + 2@t tm( )] @ @@E )) ‘ w(li, (‘)} <e, (95)
with probability at least 1 — 0 as long as

ce?? - pt(plog £z + Mo (5))
: :

n >
)

Using (95) and triangle inequality in (92), we have

E[gu(@;0®) | 2% 20] <& 3 ] < ey,

teSy

with probability at least 1 — 0 as long as n satisfies (96).

Proof of Lemma. C.5: Concentration of v, To show this concentration result, we use
Corollary. H.1 (187) for the function g2. To that end, we note that the pair {x,z} corresponds to a
7-SGM (Definition. G.1) with 7 £ (a, 3, Zmax, ©). However, the random vector x conditioned on z
need not satisfy the Dobrushin’s uniqueness condition (Definition. F.2). Therefore, we cannot apply
Corollary. H.1 (187) as is. To resolve this, we resort to Proposition. G.1 with A = m to reduce

the random vector x conditioned on z to Dobrushin’s regime.
Fix any u € [L]. Then, from Proposition. G.1(b), (i) the pair of random vectors {xg,, (x_g,,2)}
corresponds to a 71-SGM with 71 = (a 4 28T max, W, Tmax, Os, ), and (ii) the random vector xg,

conditioned on (x_g,,z) satisfies the Dobrushin’s uniqueness condition (Definition. F.2) with coupling
matrix 2v/222 |0, | with 21222 (1|3, [llop < 2v222,. A < 1/2. Now, for any fixed i € [n], we
(@)

apply Corollary. H.1 (187) for the function g with & <+ ¢ for a given x> g, and 2z to obtain

“

C.1.2 Proof of Lemma. C.3(b): Anti-concentration of second directional derivative

2
(0. @) _ @) @ | @ >e | 2® < ).
bu (@5 0) — B gy (2w )(fB Su ” 5‘ —Sw? ) =P B2

Fix some i € [n] and some ) € Ag. Let w® be as defined in (83). We claim that the second-order
directional derivative of £ defined in (72) is given by

i 1) (i)\2 7 i i
O LDO) =3 (wfaf?)?exp (- 10 + 20/ _ @ el - 1) (97)
te(p]

We provide a proof at the end. For now, we assume the claim and proceed. Now, we lower bound

8[2w<i)}2£(i) (™) by a quadratic form as follows
0,0p L9 0D E 3™ (w2 x exp (= (6014218110 )
[w®]2 = t p t oo ) L'max
t€[p)
i) (i 1
> Z (W,g )xl(f ))2 X exp ( (a+26xmax)-rmax) (ZE;) ~ ))27 (98)
telp] thetp]

48



where (a) follows from (97) by triangle inequality, Cauchy—Schwarz 1nequahty, and because ||2() ||
Zmax for all i € [n], and (b) follows because © € Ag, ) € Ay, and [|£?]| oo < Zyax for all i € [n ]

Now, to show the anti-concentration of 9?2 ,,£®(6%)), we show the anti-concentration of the

[w®]2
quadratic form in (98). To that end, we note that the pair {x,z} corresponds to a 7-SGM

(Definition. G.1) with 7 2 (o, 3, Zmax, ©). Then, we decompose the quadratic form in (98) as

a sum of L = 10243%z2 .. log 4p terms using Proposition. G.1 (see Appendix. G) with A = 4\/51902
and focus on these L terms. Consider the L subsets Si,---, Sy € [p] obtained from Proposition. G.1
and define

Eu(m(i);w(i)) £ Z (wgi):ngi))z for every u € L. (99)

teSy
Then, we have

S (wiPa) Y = ZZ D) Zwu )W), (100)

te(p)] ue[L} teSy ue[L]

where (a) follows because each ¢ € [p] appears in exactly L' = [L/32v/2322,.] of the sets Sy,--- , ST
according to Proposition. G.1(a) (with A = ﬁ) Now, we focus on the L terms in (100).

Consider any u € [L]. We claim that conditioned on a:(‘)s and z( | the expected value of 1, (z®; w®)
can be upper bounded uniformly across all v € [L]. We provide a proof at the end.

Lemma C.6 (Lower bound on expected ). Fiz i € [n] and 8% € Ag. Then, with w® defined in

(83) and given 2z and :c(_z)su, we have

. ; . 222
E ’ (3) (@) 7 @ > max (z 2’
min B[P0 | o, 2] > ZC

where the constant Cy . was defined in (48).

Consider again any u € [L]. Now, we claim that conditioned on 93(')51 and 2@, ¢, (x®;w®)
concentrates around its conditional expected value. We provide a proof at the end.

Lemma C.7 (Concentration of ). Fize > 0, i € [n], u € [L], and %) € Ayg. Then, with w®
defined in (83) and given 2 and :B(_Z)Su, we have

Gu(@D; w0y — B[, (@®;0®) | 2 | 20] ’ <e,

2

—€
ith bability at least 1 — —_ .
with probability at leas eXp(eC’ﬁHw(l)Hg>

Given these lemmas, we proceed to show the anti-concentration of the quadratic form in (98) implying
the anti-concentration of 6iu(i)]2£(i)(0(i)). To that end, for any u € [L], given w(i)su and 2| let B,
denote the event that

_ . . : ; 7 3 I2nax
Bu@?;0®) 2 E[f, (@302l 20] - e o), (101)
2,17
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Since F, in an indicator event, using the law of total expectation results in

A @ w@®12
P(E,) = E[P(Ealy, )] 2 1-@q><neay2>,

xmax
7T€C§77_
over all u € [L] where L = 10243%z2 . log 4p, we have

IP’( ﬂ Eu> >1- O(ﬂz log p exp (HQ;S)J@))

uel

where (a) follows from Lemma. C.7 with e <

|w®||3. Now, by applying the union bound

Now, assume the event Ny, F,, holds. Whenever this holds, we also have

D (i (100) 1 — i
S (@) 0 LS 5 w00
u€(L]

te[p]
o1 1 } 22
> 5 2 (B2l 2] - —mm w3
L 027'
u€[L]
(@ 1 2 )
> max ()2 — max 2
> 7 2 recn 19V = e Il (102)
u€[L] T T

where I/ = [L/32v/2Bz2,.] and (a) follows from Lemma. C.6. Finally, approximating L' =
L/32+/2322,,. and using (98), we have

H27

i i 1 i) (i)\2 (102) 32[51'111 b'q
R opL@O0) 2 5= 3 (ufa)?) 2 ST
2,1 te(p] 7T€C'27_

which completes the proof.

Proof of (97): Expression for second directional derivative Fix any i € [n]. The second-order
partial derivatives of £(*) (defined in (72)) with respect to the entries of the parameter vector #®) are
given by

2L (90

8[9(1)]2 = [xgi)]g exp < - [Ggi) + 2@;—4:1:@5]93@ - @tﬁgi)> for all ¢ € [p].
t

Now, we can write the second-order directional derivative of £() as

N A, LD(OD + hw@D) =9, LD (60) 202 L0 (90)
2 @) pi)y & 1: w(®) (@) B (1)72
Fuop £70) = Jiny R = 2 W e
te(p] t
= Z (wt(i)ajgi))Q exp ( — [9157;) + Q@Z_tw@]my) — @tﬁf)).
te(p]
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Proof of Lemma. C.6: Lower bound on expected 1, Fix any i € [n], u € [L], and ) € A,.
(i)

Then, given ™ and 2 we have

E @u(m(i);w(i)) | wggu,z(i)} ) E[ Z (wt( )act ) ‘ 2" s, ,z(i)]

teSy
@ Z E_(wt(i)x ) ‘ :U_S ,z(i)]
teSy
© Z EE[(Q}?%P) (_35, ()} ’ w@gu,z(i)}
teSu
(g Z E Var(w( )mgl) (_% 20 )> ‘ x@su,z(i)}

teSy
( ) 2$max H ()

> I3,
7T602 -

where (a) follows from linearity of expectation, (b) follows from the law of total expectation i.e.,

E[E]Y|X, Z]|Z] = E[Y|Z] since a:(f)su - a:(f%, (c) follows follows from the fact that for any random
variable a, E[a?] > Var[a], and (d) follows from Lemma. B.6.

Proof of Lemma. C.7: Concentration of v, To show this concentration result, we use
Corollary. H.1 (187) for the function ¢;. To that end, we note that the pair {x,z} corresponds to a
7-SGM (Definition. G.1) with 7 £ (o, 3, Zmax, ©). However, the random vector x conditioned on z
need not satisfy the Dobrushin’s uniqueness condition (Definition. F.2). Therefore, we cannot apply

Corollary. H.1 (187) as is. To resolve this, we resort to Proposition. G.1 with A = W to reduce

the random vector x conditioned on z to Dobrushin’s regime.
Fix any u € [L]. Then, from Proposition G. 1(b) (i) the pair of random vectors {xg,, (x_s,,2)}
corresponds to a 7-SGM with 71 2 (o + 2BZmax, 4\[ — Tmax; O, ), and (ii) the random vector xg,

max

conditioned on (x_g, , z) satisfies the Dobrushin’s uniqueness condition (Definition. F.2) with coupling
matrix 2v/222,|Og, | with 2v/222, (1|3, [llop < 2v222,,A < 1/2. Now, for any fixed i € [n], we
(@)

apply Corollary. H.1 (187) for the function ¢; with e = ¢ for a given x* s, and 2 to obtain
P( wu(a}(l);w(l))_E wu(w(l);w(z)) ‘ CB,SH, z(l)} ‘ > € ’ aj,su (l)> < exp <”2>
2

ClﬁHw(l)
C.2 Proof of Lemma. C.2: Lipschitzness of the loss function

Fix any ¢ € [n], any 0, 00 ¢ Ag. Consider the direction w(® = o) — 0@ and define the function
q:[0,1] — R as follows

g(a) = LI (09 + a(§D — D)), (103)
Then, the desired inequality in (74) is equivalent to

la(1) = 4(0)] < ZmaxC ;1.
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From the mean value theorem, there exists a’ € (0,1) such that

(1) - a0) = |4 (104)
Therefore, we have
(101) |dg(a’) | (103) |dLD (69 + ' (8 — 619))
‘q(l)—q(O)‘ - da - ‘ da ’
(84) i) (i
= ‘8w(i) (LD(9D)) () =90 4a! (G —9() |- (105)

Using (87) in (105), we have

(1) = a(0)] = [ D= w2 exp (= 017 + @' — 01") + 28 ")af" — Buz(”)|
te(p]
() i i ~i ~ i
< Taax Y |0l exp ([\(1 — a0 | + |/8] + 2|61 )Hm}xm)
te(p]

(_2) Tmax €XP <((1 - a')a + a’oz + 2ernax)l‘max) Z ‘wzgz)’

te(p]

48 .
) s Co @1,

where (a) follows from triangle inequality, ‘Cauchy-Schwarz inequality, and because Hw(i)Hoo < Tmax
for all i € [n] and (b) follows because 84,0 € Ay, © € Ag, and || ||o < Zmay for all i € [n].

D Proof of Theorem 2: Guarantee on quality of outcome estimate

Fix any unit i € [n] and an alternate intervention @) € AP+, Then, we have

1@ QRO @0z = 20 v = 0] © Elyla = a®,z = 20, v = 0],

where (a) follows because the unit-level counterfactual distribution is equivalent to unit-level
conditional distribution under the causal framework considered as described in Section. 3.1. To
obtain a convenient expression for Elyla = a9,z = 20, v = v(], we identify ®*(“¥) ¢ RP«*Py to
be the component of ©* corresponding to u and y for all u € {v,a,y} and 0*(¥) € RPy to be the
component of 0*@ corresponding to y. Then, the conditional distribution of y as a function of the
interventions a, while keeping v and z fixed at the corresponding realizations for unit ¢, i.e., (¥ and
2z respectively, can be written as

fﬁ; (yla) x exp ([6’*079) + 200 Te*vw) 4 2aT<I>*(“’y)] y+ qu)*(y’y)y>. (106)
Therefore, we have

Elyla=a",z=20 v=v9]=E ¢[yla=a®].

(z
fyla
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Now, consider the p,, dimensional random vector u supported on XP+ with distribution f,, parameterized
by ¢ € RPv and ¥ € RPv*Pv as follows

fu(ulth, W) o exp(vp T u + u' Tu). (107)

Then, note that f;‘lg(y\a) in (15) and f)frg(y]a) in (106) belong to the set {fu(:[¢p, ¥) : ¢ € RPv U €

RPv*Pv} for some 1 and ¥. Now, we consider any two distributions in this set, namely f, (u|@Z, (I\l)
and fy(uly*, U*). Then, we claim that the two norm of the difference of the mean vectors of these
distributions is bounded as below. We provide a proof at the end.

Lemma D.1 (Perturbation in the mean vector). For any 1) € RPv and W € RPv*Py et i, w(u) € RP«
and Covy, w(u,u) € RP«*Pu denote the mean vector and the covariance matriz of u, respectively, with
respect to fu in (107). Then for any @Z Y* € RPv and \/I}, U* € RPv*Py  there exists some t € (0,1),
U2t + (1—t)* and U 2t + (1 — ) such that

11 /(W) = g (W) |2 < NICou g (u, w)lop | (8 = &%) 2
+ Z ICouz G (u, uryu)lopl (Pr, =T, )|2-

t3€[p]
Given this lemma, we proceed with the proof. By applying this lemma to fy(r;(y|a) in (15) and
fﬁ; (yla) in (106), we see that it is sufficient to show the following bound

| (g*C) — §(i7y)) + 200 T(@*w) — o)y 4 2gOT(@@y) — plaw)y|,

+ 3 @Y —8FY |y < Re,6/n) + pe.
t€[py]

To that end, we have

S jlepe — B, < Zuet A (108)

te[py] t€[py]

where (a) follows because ¢2 norm of any sub-vector is no more than ¢ norm of the vector. Similarly,
we have

(%) —gUv)) 420D T (*(v9) —p()) 42g (T (p*(@y) — plav))||,

( . . ‘ ~ . ~

% H@*(z,y)_9(z,y)H2+2HU(1)T(¢*(v,y)_q)(v,y))H2+2||a(z)T(q>*(a,y)_q)(a,y))”2

(b) . . . ~ ) ~

< (|60 gl ||y 4 2||o O[5 |8+ — S o+ 2| @[ (@) — @) |,

© . » .
< 10°O =893+ 2(Jlo 2 + @]l2) 16” - Bllop

(d) i .
< 10 =09lz + 2( o 2 + 82 ) |©° — By
216089y + 2ammae (VB + V210" — Bl (109)
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where (a) follows from triangle inequality, (b) follows because induced matrix norms are submultiplicative,
(c) follows because operator norm of any sub-matrix is no more than operator norm of the matrix
and ¢2 norm of any sub-vector is no more than ¢ norm of the vector, (d) follows because ©* — O is
symmetric and because matrix operator norm is bounded by square root of the product of matrix
one norm and matrix infinity norm, and (e) follows because max{[[v™| s, [[@|l0c } < Zmax for all

i € [n].

Now, combining (108) and (109), we have
(09— liv)) 42D T(*(v9)_ ) 1 2 i )T(¢*(a7y)_(’§(a7y))||2_|_Z||q>:(yﬁy)_ (’I;I(ty,y)||2
t€[py]
< (09— |2+ 22 max (vPo+VPa) 10O 1+ > [07=65

t€[py]
(a)
< R(57 5/”) + 2-Tmauc(\/pv + \/pa) \/]35 + pye,

and (a) follows from Theorem. 1 by using the relationship between vector norms. The proof is
complete by rescaling € and absorbing the constants in c.

Proof of Lemma. D.1: Perturbation in the mean vector Let Z(¢,¥) € R, denote the
log-partition function of fy (-1, ¥) in (107). Then, from (Busa-Fekete et al., 2019, Theorem 1), we
have

H“m(") — by (W) [[2 = IV Z (), ¥) = Ve Z(47, U)o (110)
Z(, V) Z(1,¥) : :
For t,ta,t3 € [p], consider aw o0r, nd TCL T Using the fact that the Hessian of the log

partition function of any regular exponentlal family is the covariance matrix of the associated
sufficient statistic, we have

2746, ) 274, W)

awtlawh 3@!),518\11,527,53
Now, for some ¢ € (0,1), ¥ 2 cth + (1 — ¢)y* and U £ i) + (1 — ¢)ib, we have the following from the
mean value theorem

OZ(, V) 9Z(y, ¥*)

= Covy,w(u,, u,) and = Covy,w(u,, U, Uy). (111)

61;151 81/};1
OZ(Y, W) EACK I
227 (b, — UF) Z Z c(Wtoty — V7, 1)
t2€[p] Otz Oy 2 ’ t2€[p] t3€[p] 8\11752715381/1751 o o
111 ~
( = ) Z(COV (Ut1; Ut2 th th +Z ZCOV utla Uty ut2) (qjtS,tz \II:‘;JQ)
t2€[p] t3€[plt2€[p]

Now, using the triangle inequality and sub-multiplicativity of induced matrix norms, we have
IV5Z (1, W)=V Z(", U7) |2 < [|[Covg g (u, u)llop | (=272

£ 37 1Cov g (0, ) lopll (B — 07 l2e (112)
ts€lp]

Combining (110) and (112) completes the proof.
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D.1 Bounded operator norms for perturbations in the parameters

In Section. 4.2, we assumed the operator norms of (i) the covariance matrix of y conditioned on a, z,
and v and (ii) the cross-covariance matrix of y and y;y conditioned on a, z, and v for all t € [p,]
to remain bounded for small perturbation in the parameters. In this section, we provide examples
where these hold.

Suppose the distribution of y conditioned on a, z, and v is a Gaussian distribution. For simplicity,
let the mean of this distribution be zero. Then, for any t,u,v € [p,],

(@)
COV&,@(VUthYU‘a7Z7v) = E9,@(Yu)/t)/v’aazﬂv) é 0.

where (a) follows because Eg o (yuyiyv|a, z,v) is the third cumulant of y,y;y,|a,z,v and the third
cumulant for any Gaussian distribution is zero (Holmquist, 1988). Then,

mmax ICovoe(y, yiyla, z,v)|lop = 0. (113)
Further, (113) also holds for small perturbations in 6 and © as the distribution of y conditioned on a,
z, and v would still be a Gaussian distribution.

Now, we bound ||Covye(y,y|a,z,v)|op under additional conditions. For simplicity, suppose
Varg o(yt|a, z,v) = 1forall t € [p,]. Further, suppose the (undirected) graphical structure associated
with elements of y, i.e., y1,---,¥p,, is a chain (This would be true for the motivating example in
Figure. 1(a)). If the correlation between any two elements of y connected by an edge in the tree is
equal to p € [0, 1] (This is equivalent to all the off-diagonal non-zero entries of © being the same),
then for any u,v € [p,],

(@)
) =

COVG,@(YMVU|G’7Z7” p|u—fu|’

where (a) follows by the correlation decay property for Gaussian tree models (Tan et al., 2010,
Equation. 18). Then, for any 0 < p < 1
(@ 1+p
ICovoe(y:yla, 2 v)llop < T, (114)

where (a) follows from Trench (1999). Further, (114) holds for small perturbations in 6 and © as
long as p < 1. Therefore, C(B) in (22) is a constant (with respect to p) for small perturbations in
and ©.

While we showed that C(B) is a constant for a class of Gaussian distributions, we except similar
results for truncated Gaussian distributions and exponential family distributions in (3).

E Proof of Proposition 2: Impute missing covariates

We start by decomposing the true covariates v into two variables: one to capture the randomness in
the noisy observations v and the other to capture the randomness in the measurement error Av, i.e.,
v =V — Av. Then, by letting 5 £ 2p, + po + py and using (27), the joint probability distribution fw
of the p-dimensional random vector W £ (Av,V, a,y) can be parameterized by a vector ¢ € RP*! and
a symmetric matrix ® € RPXP as follows

fau(w; ¢, ®) o exp @Tﬁ + ETEW), where w 2 (Av,7,a,y),
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and Av, D, a, and y denote realizations of Av, v, a, and y, respectively. More importantly, ¢ and ®
are derived completely from ¢ and &, respectively, and have special structure:

8@) _ _a(Av) _ gb(“),

g(u) = gb(“) for all u € {a,y},
E(A’U,AU) _ 6(5,5) _ _E(E,A’U) _ (I)(v7’t))

3 — gAY _ 3wo) for all u € {a,y}, and
6(“17“2) — dwu2) for all uj,up € {a,y}.

Now, to learn counterfactuals and measurement errors for units i € {1,---,n/2}, we use the
methodology developed in Section. 3 by replacing the role of unobserved covariates z by Av. In
particular, we consider learning fyja avu(y = :|a = -, Av,®) as a function of a. From (4) and the
structure on ¢ and ® described above, this reduces to learning

i) 3 + 28T Ay + 28V 5 = g — 269 Ay + 2009 T,

(ii) ) — @) and
(iii) YY) = pWy),

To learn these, we consider the distribution of x = (v, a,y) conditioned on Av = Av. From (6), we
have

»() —2p ) TAY
fxav @] Av; 0(Av),0) oxexp ([G(Av)]Tm+mT®m) with (Av) £ [¢(@) —23 @) TAw|, (115)
oW — 20V TAY

x = (U,a,y), © £ ®, and v, a, and y denoting realizations of v, a, and y, respectively. The
special structure on @ discussed above implies that &) &) and &) affect both 0(Av) and ©
which we exploit. As mentioned in Section. 6.1, we denote the true distribution of x conditioned on

Av = Av by fyau( - |Av; 0*(Av), ©).

Proof idea First, we use units i € {n/2 +1,--- ,n} without any measurement error to estimate
¢* and ®* = ©*, i.e., the parameters corresponding to the distribution of (v,a,y) (see Section. 6.1).
Next, for units 7 € {1, --- ,n/2} with measurement error, we estimate 6*(Av(")) by expressing it as a
linear combination of the estimates of ¢* and ®* (enabling the use of Example. 1). The coefficients
of this linear combination turn out to be our estimates of the measurement error Av(®.

Estimate ¢* and ®* For units i € {n/2+ 1,--- ,n}, under our assumption Av(® = 0 implying
9*(Av(i)) = ¢*. Therefore, in addition to the population-level parameter ©* = ®*, the unit-level
parameter 0*(Av) = ¢* is also shared for these units. As a result, the set of distributions { Ix| Av( .
|Av; 0* (Av), @*) }?:1 all coincide. Thus, learning ¢* and ®* boils down to learning parameters of a
sparse graphical model (because of the assumptions in Section. 6.1) from n/2 samples. We use the
methodology and analysis from Shah et al. (2023) (which is closely related to the one in this work)
to obtain estimates 5 and ® such that with probability at least 1 — d, we have

ce®P log %

2

max {[|¢* — 6|, |®* — P20} <e1  whenever n >
&

(116)
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Recover the unit-level parameters Now, for units ¢ € {1,---,n/2}, we express the true
unit-level parameters 6*(Av()) as a linear combination of known vectors. To that end, fix any
i € [n/2]. Then, using (115), we can write 6*(*) £ §*(Av(?)) as a linear combination of p, + 1 vectors,
ie.,

0*) = Ba", (117)

where

: 1
B £ [¢*,—20%,- -, —20% ] e RP*Pe D) apnd al) £ (i)] e RPoHDXL, (118)

e

While we do not know the matrix B, we can produce an estimate B using $ and ® such that, with
probability at least 1 — 4,

ce®P log %

2

- (119)

”’ﬁ_B”’2,oo <e; whenever n >

This guarantee follows directly from (116) and the definition of B in (118). Then, we can write
0*@ = Ba where a® £a® 4 ¢, (120)
for some error term . Conditioned on the event (119), ¢ can be controlled in following manner

120)

1B¢l, "2 %0 — Ba®, X Ba® — Bal|,

(a) . A
< IB = Bllop[la™ |2

) N L@
< (VPIB = Bllzo) - (vVpo + 12" ) < ae1y/(po + 1, (121)

where (a) follows from sub-multiplicativity of induced matrix norms, (b) follows from standard matrix
norm inequalities, and (c) follows from (119) and because the measurement errors are bounded by «.

Then, performing an analysis similar to one in Appendix. C while using the bound on n in (116)
instead of the one in (19), and using Example. 1, we obtain estimates é\(l), e ,5("/2) such that (see
Corollary. 1(a) for reference), with probability at least 1 — §, we have

{ 9 ce’'P (pv + log(log %)) }

max MSE(6®, 0*)) < max {2,
p

122
i€[n/2] ( )

whenever n > cec/ﬂsl_Q(log % + pv).

Recover the measurement error We condition on the event (122) happening and note that
the above estimate 0 of the unit-level parameter §*( is of the form 0@ = Ba®® for i € [n/2]. We
declare 2V as our estimate of the measurement error for unit i € [n/2] and prove the corresponding
guarantee below.

Fix any 7 € [n/2]. From (120) and triangle inequality, we find that

16D — 9|, = [Ba® + B¢—Ba® |, > |[Ba® — Ba® |, | B¢l (123)
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Then, doing standard algebra with (123) yields that

L IBCI3 _ [Ba® —BaJ3 _ (2@ —a®) "B B(a® —a?)

p 2p 2p
Combining (121), (122), and (124) with the choice 1 = kea/ay/p, + 1, we have

MSE(6®, 6*()) (124)

(a®—a B B(a® —al) 3k ceP(py+log(log 1))
<max { 3 )
2p a?(py +1) p

}4—5%52, (125)

uniformly for all i € [n/2], with probability at least 1 —d, whenever n > ce®Px 25 2(p,+1) (log % +

AT ~
pv). Next, we claim that the eigenvalues of B B can be lower bounded by kp/2 whenever g9 <
\/p/(py + 1)/8. Taking this claim as given at the moment, we continue our proof. We have

~

o 0 —a)TB B(a® —a® T
gna(z)_a(ﬁ”gg (a a”) B B(a a’) whenever 52<1 pL—i-l’ (126)

2p -8
uniformly for all ¢ € [n/2]. Combining (125) and (126) completes the proof.

AT ~

It remains to show that the eigenvalues of B° B can be lower bounded by xp/2 conditioned on (116).
For any matrix M, let Apax(M) and Apin(M) denote the largest and the smallest eigenvalues of M,
respectively. Then from Weyl’s inequality (Bhatia, 2007, Theorem. 8.2), we have

T ~ T~ (a) T~
Amin(B' B) > Auin(BTB) — Amax(BTB = B B) > #p — Amax(BTB — B B),

where (a) follows from the assumption on the eigenvalues of BT B. Now, it suffices to upper bound
AT ~
Amax(B'B — B B) by xp/2. We have

~ T~ (a) AT~
[ Amax(B'B—B B)| = |[B'B—B B,

(b) T~
< (pv + 1)WBTB - B Bmmax

—

c

< (0o + D(IBT (B = B)lluax + 1(B — B) Bl )

~

2 (po+1)(IBT

—
=

~T ~
20 + 1B lz0) (B — B) T

2,00

(f) (9)
(pv + 1)(204\/]3+ 205\/5) €1 < 4keg V Dv + 1\/]3 < %a

—
N

where (a) follows because B'B — B'Bis symmetric, (b) follows from because |[M|op < [M]lr <
d|[M||max for any square matrix M € R4 (c) follows from the triangle inequality, (d) follows
by Cauchy—Schwarz inequality, (e) follows because |B|max < 2¢, ||B|lmax < 2 (because of the
assumptions in Section. 6.1), and from (116) and (118), (f) follows from the choice of ¢, and (g)

1 P
follows whenever g2 < 3 poi T
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F Logarithmic Sobolev inequality and tail bounds

In this section, we present two results which may be of independent interest. First, we show that a
random vector supported on a compact set satisfies the logarithmic Sobolev inequality (to be defined)
if it satisfies the Dobrushin’s uniqueness condition (to be defined). This result is a generalization of
the result in Marton (2015) for discrete random vectors to continuous random vectors supported on
a compact set. Next, we show that if a random vector satisfies the logarithmic Sobolev inequality,
then any arbitrary function of the random vector concentrates around its mean. This result is a
generalization of the result in Dagan et al. (2021) for discrete random vectors to continuous random
vectors.

Throughout this section, we consider a p-dimensional random vector x supported on XP with
distribution fx where p > 1. We start by defining the logarithmic Sobolev inequality (LSI). We use
the convention 0log0 = 0.

Definition F.1 (Logarithmic Sobolev inequality). A random vector x satisfies the logarithmic Sobolev
inequality with constant o > 0 (abbreviated as LSIy(0?)) if

Enty (¢*) < 0”Ex [ ||qu(x)\|§] forall q:XP — R, (127)
where Enty (g) = Ex[g(x) log g(x)]—Ex[g(x)] log Ex[g(x)] denotes the entropy of the function g: XP — R, .

Next, we state the Dobrushin’s uniqueness condition. For any distributions f and g, let ||f—g||Tv
denote the total variation distance between f and g.

Definition F.2 (Dobrushin’s uniqueness condition). A random vector x satisfies the Dobrushin’s
uniqueness condition with coupling matriz © € RE*P if |©]op < 1, and for every t € [p],u € [p]\{t},
and T_y, T_; € XP7L differing only in the ut™ coordinate,

| fixi=a—s = Fxelxs=3_ I TV < Ot (128)

We note that the Dobrushin’s uniqueness condition, as originally stated (see Marton (2015)) for
Ising model, also requires ©; = 0 for all ¢ € [p]. This condition makes sense for Ising model where
x? =1 for all t € [p]. However, this is not true for continuous random vectors necessitating a need
for modification in the condition.

From hereon, we let XP be compact unless otherwise specified. Moreover, we define

fmin £ te[pr]ni:réXp fxt|x,t ({L‘t|$,t). (129)

Now, we provide the first main result of this section with a proof in Appendix. F.1.

Proposition F.1 (Logarithmic Sobolev inequality). If a random vector x with fuyin > 0 (see (129))
satisfies (a) the Dobrushin’s uniqueness condition (Definition. F.2) with coupling matriz © € RﬁXP,
and (b) x¢|x_y satisfies LSl x_,—q ,(02) for all't € [p] and x_; € XP~! (see Definition. F.1), then it
satisfies LSIx(20% /(fmin(1 = 1©]lop)?))-
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Next, we define the notion of pseudo derivative and pseudo Hessian that come in handy in our proofs
for providing upper bounds on the norm of the derivative and the Hessian.

Definition F.3 (Ps~eudo derivative and Hessian). For a function q : XP — R, the functions
Vq:XP — RPY and V?q : XP — RPYXP2 (py po > 1) are, respectively, called a pseudo derivative and
a pseudo Hessian for q if for all y € XP and p € RP**1 | we have

IVa)ll2 > [Va()ll2 and [p"VZa(y)ll2 > IV [T Va(y)] |2 (130)
Finally, we provide the second main result of this section with a proof in Appendix. F.2.

Proposition F.2 (Tail bounds for arbitrary functions under LSI). Given a random vector x
satisfying LSIx(0?), any function q : XP — R with a pseudo derivative Vq and pseudo Hessian Vq
(see Definition. F.3), x satisfies a tail bound, namely for any fized ¢ > 0, we have

2

P[‘QC(X)IZS}Sexp (4min( _ . < _ ’ K ))7
7 E[IVa(0)ll2)*+ max [V2q(@) 2 max [V2q()llop

where q.(x) = q(x) —E[q(x)] and c is a universal constant.

F.1 Proof of Proposition. F.1: Logarithmic Sobolev inequality
We start by defining the notion of Wy distance (Marton, 2015) which is useful in the proof. We note

that Wy distance is a metric on the space of probability measures and satisfies triangle inequality.
Definition F.4. (Marton, 2015, Wy distance) For random vectors x and 'y supported on XP with
distributions f and g, respectively, the Wy distance is given by W3 (gy, fx) = infx Zte[p] [Pﬂ(xt =+ yt)} 2,
where the infimum is taken over all couplings w(x,y) such that w(x) = f(x) and 7(y) = g(y).

Given Definition. F.4, our next lemma states that if appropriate Ws distances are bounded, then the

KL divergence (denoted by KL (- ||-)) and the entropy approximately tensorize. We provide a proof
in Appendix. F.1.1.

Lemma F.1 (Approximate tensorization of KL divergence and entropy). Given random vectors x
and y supported on XP with distributions f and g, respectively, such that fumin > 0 (see (129)), if for
all subsets S C [p] (with S¢ 2 [p]\ S) and all yge € XP~151,

2 2
g (QYSlysc=ysc J fxslxsc =ysc) < CZ E |:Hg)/t|y—t:y—t_th‘X—t=y—z v ‘YSC :ySC] ) (131)
tes

almost surely for some constant C' > 1, then

2C
KL (gy fo) § f k Z E[KL (g)/t|Y—t:y—t Hth|X—t:y—t) ]’ and (132)
Enty (q) < 2? Z Ex_, [Entxt‘xﬂS (q)] for any function q : XP — R (133)
min te[])]

Next, we claim that if the random vector x satisfies Dobrushin’s uniqueness condition, then the
condition (131) of Lemma. F.1 is naturally satisfied. We provide a proof in Appendix. F.1.2.

60



Lemma F.2 (Dobrushin’s uniqueness implies approximate tensorization). Given random vectors x
and y supported on XP with distributions f and g, respectively, if x satisfies Dobrushin’s uniqueness
condition (see Definition. F.2) with coupling matriz © € RP*P then for all subsets S C [p] (with
SC 2 [p|\ S) and all yge € X151

w3 (gyslysc:ysc » frxslxge=yso )< CZ E {Hgﬁ|y*t:y*t7fxt‘X*t:y’t v ‘ySC - ysc] ’ (134)
tes
almost surely where C' = (1— \”@”’013)2'

Now to prove Proposition. F.1, applying Lemmas. F.1 and F.2 for an arbitrary function f : AP — R,
we find that

Enty (¢°) < Z |:EntXt‘X7t (q2)]

Jmin ( ”| © |||op te(p]

5 B [Eape, [ 19500 x 0113 ]|

Smin (1 — W@Wop te[pl

20° 5 Ex_, [Ext|x,t [ Z IV q (Xt X—t)”%”

Funin (L = 1©]lop) telp)
c 202
&) Ex HVXQ(X)H2 )
farin(1— [0]p)? | 2

where (a) follows because x;|x_; satisfies LSLy,x_,—4_,(0?) for all t € [p] and &, € XP~1, (b) follows
by the linearity of expectation and (b) follows by the law of total expectation. The claim follows.

—
S
N

IN

—
S
=

—
N

F.1.1 Proof of Lemma. F.1: Approximate tensorization of KL divergence and entropy
We start by establishing a reverse-Pinsker style inequality for distributions with compact support to
bound their KL divergence by their total variation distance. We provide a proof at the end.

Lemma F.3 (Reverse-Pinsker inequality). For any distributions f and g supported on X C R such
that mingex f(x) > 0, we have KL (g | f) < mﬂg—f’ﬁ-v.
Given Lemma. F.3, we proceed to prove Lemma. F.1.

Proof of bound (132) To prove (132), we show that the following inequality holds using the
technique of mathematical induction on p:

KLy 150 < D [P O -} (135)
mll’lte[p}

Then, (132) follows by using Pinsker’s inequality to bound the right hand side of (135).

Base case: p =1 For the base case, we need to establish that the claim holds for all distributions
supported on X that satisfy the required conditions. In other words, we need to show that

4C
KL (gy [fx) < For Hgy_fXH%V for every t € [p],

for all random variables x and y supported on X such that fi,i, = mingexy fx(x) > 0. This follows
from Lemma. F.3 by observing that C' > 1.
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Inductive step Now, we assume that the claim holds for all distributions supported on XP~! that
satisfy the required conditions, and establish it for distributions supported on X?. From the chain
rule of KL divergence, we have

KL (gy fo) = KL (g}/t ||th) + E[KL (gy_t|yt fo_t\xt)] for every te [P}

Taking an average over all t € [p], we have

1
L (gy 1) = Z KL (gyc l1fx) + = D E[KL (gy 1y [ fi o) - (136)
p
te[p] telp]
Now, we bound the first term in (136). Let 7* be the coupling between x and y that achieves
W2(gy’ fx) i'e'alo

2
T = arg min Z [Pﬂ(xt # yt)} . (137)
mr()=f(),1()=9(Y) &[]

Then, we have

(a) 1
- Z KL gyt Hth S ];Z f ”g}/t szHTV
P e tefpl
b 4 2
< o Pre (X # )/t)]
min t [p]
(C) 2 w2
fmln 2 (gya fx)
(131) 4C
< D E |l my— Py (138)
pfmln telp)

where (a) follows from Lemma. F.3 because lower bound on conditional implies lower bound on

marginals, i.e., minyep) »ex fr (T¢) = mingep) 4, ex o exp1 Falxeo (el —t) fx_, (x—t)dT ¢ > froin,
(b) follows from the connections of total variation distance to optimal transportation cost, i.e.,
gy = fxllTv = Infrir ()= (x),w () =g(y) Pz (X # ¥), and (c) follows from Definition. .4 and (137).

Next, we bound the second term in (136). We have

- Z Kl— gy tlye fo t‘xt)]

te[p
(a)
1 Z E [f Z E[Hgyuly—u=y-u ~ Frulx—u=y—u H'QI'V‘Yt = ytH
tem M e p\{t}

(b
Z Z IE|:Hgyu|y w=Y—u qu'X—u—y uHTV:|

b f min ol uelph ()

The minimum is achieved by using arguments similar to the ones used to show that the Wasserstein distance
attains its minimum (Villani, 2009, Chapter 4).
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4C(p—1
= p(f ] ) Z E |:||gyu|y,u:y,u _fxu|x,u:y,u ||'2I'V ’ (139)
min e

where (a) follows from the inductive hypothesis and (b) follows from the law of total expectation.
Then, (135) follows by putting (136), (138), and (139) together.

Proof of bound (133) To prove (133), we note that (132) holds for any random vector y supported
on XP. Consider y to be such that g(x)/Ex[¢(x)] is the Radon-Nikodym derivative of g, with respect
to fx. For any AP C XP  we have

B q(x) y
/yeAp Gyl = /A Exg(0]

Integrating out y; and x; for ¢ € [p], we have

Eypx_, [2(%)]
dv_. — xfx—e 1\ ] L dx_y,
/y_te_A:D—l gyft Y-t /x_te_Ap—l ]Ex [Q(X)] fft X_¢

implying

49y o _ B [(x)] and yly-. = ) for all t € [p]. (140)

dfx_, B Ex [Q(X)] det\Xft Ext\x—t [q(x)}

We have

g dg dg
KL (g 1) 2 | 2 105 57|

®) g(x) 4
- X[Ex 4] *°Ex [Q(X)]]
- Ex[;(x)](Ex [q(x) log q(x)] — Ex[q(x)] log Ex [q(x)]) - Enfx((xq))} (141)

where (a) follows from the definition of KL divergence and (b) follows from the choice of y. Similarly,
for every ¢ € [p|, we have

E}‘—t [KL (g}/t|Y—t=y7t fot|xft:y7t> ]

(a) Ay ly_,
= Ey_, [Eytlyt [log df}’tly ”
Xt | X—t




(2 ]Ex_t [Ext\x,t [Q(X) log Q(x)} - Ext|x,t [q(x) log Ext\x,t [Q(X)]H

Ex[q(x)]
(i) Ex—t [Entxt\x,t (Q)]
- E[q(x)] ) (142)

where (a) follows from the definition of KL divergence, (b) follows from the law of total expectation,
(c) follows from the definition of Radon-Nikodym derivative, (d) follows from the choice of y and

(140), (e) follows from the law of total expectation, (f) follows from the definition of entropy. Then,
(133) follows by putting (132), (141), and (142) together.

Proof of Lemma. F.3: Reverse-Pinsker inequality Using the facts (a) loga > 1 — % for all
a >0, and (b) mingey f(z) > 0, we find that

logM >1- 9(@) for every z € X. (143)

g(xz) = flx)
Multiplying both sides of (143) by g(x) > 0 and rearranging terms yields that

g(x)log fE; < f((a:)) —g(z) forevery xe€X. (144)

Now, we have

KL(1D) = [ gta)ton B0as < . (92(9“"’ ~gla) o

X f(x)
@ [ (o)~ @)
fos :

< 7 (o)~ r@lar)’

© 1 )2
- minzeX f(.CL‘) (2Hg fHTV)
_ 4 2

- mianX f(ﬂj’) ||g_f”TV7

where (a) follows by simple manipulations, (b) follows by using the order of norms on Euclidean
space, and (c) follows by the definition of the total variation distance.

F.1.2 Proof of Lemma. F.2: Dobrushin’s uniqueness implies approximate tensorization
We start by defining the notion of Gibbs sampler which is useful in the proof.

Definition F.5. (Marton, 2015, Gibbs Sampler) For a random vector x with distribution f, define
the Markov kernels and the Gibbs sampler as follows

Ty(zlz) 2 Wz =2, fip, (Telz’,) and T(zlz’) £p~! Z [y (x|x'), (145)
tep]
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for allt € [p] and z,2' € XP. That is, the kernel Ty leaves all but the t*" coordinate unchanged, and
updates the t'" coordinate according to Jxex_e» and the sampler I' selects an index t € [p] at random,
and applies T'y. Further, for a random vector y with distribution g supported on XP, we also define

ayTe(y) = / 9y(Y)Te(yly")dy’ for t € [p], and

W)= [ oW Twly)dy foral ye X, (140
We now proceed to prove Lemma. F.2 and split it in two cases: (i) S = [p], and (ii) S C [p].
Case (i) (S =[p]) Let T be the Gibbs sampler associated with the distribution f. Then,

(a)
Wo (gYSlySc7sz\XSC) = WQ(gya fx) < W2(gy7gyr) + W2(gy1—‘a fx)a (147)

where (a) follows from the triangle inequality. We claim that

1
Walaye o) < =[S By Ity myi—FrimmyiB] . and (145)
te(p)
1-—19]|,
Wag,T, fi) < (1 _ ('Mp)) Walgy, fx)- (149)

Putting (147) to (149) together, we have

1
W2 (QY7 fx) <- Z Eyft [”gyt\y—tZy_t _fxt|x_t=y_t H'ZI'V}
te[p]

i (1 - “'ﬂf”’”) Walgy, f). (150)

Rearranging (150) results in (134) for S = [p] as desired. It remains to prove our earlier claims (148)
and (149) which we now do one-by-one.

Proof of bound (148) on Wa(gy, gyI') To bound Wa(gy, gyI'), we construct a random vector y*
such that it is coupled with the random vector y. We select an index b € [p|] at random, and define

yg 2y, forall wvep\{b}.

Then, given b and y_j = y_p, we define the joint distribution of (ys, be ) to be the maximal coupling
of gy,ly_,=y_, and fy,x_,—y_, that achieves |lg,, |y ,—y , = fax_,=y_, [TV It is easy to see that the
marginal distribution of y is gy and the marginal distribution of y* is g,I" (see Definition. F.5). Then,

we have

(a) 2
RS [P(b — OP(yi # v lb = t) + B(b £ DP(ye # v b 1)

te(p]

®) 1
" 3 [Myt £ yb =)
te(p] p

2

65



2
() 1
= — Z / Ply: # v b=ty = y—1)gy_ ot (Y—1Ib = t)dy—t]

2
) [ / ||g}/t|Ytyt_fxtxtyt||Tng—t(yt)dyt:|
p
te(p] y_t€XP1

1 2
=2 [EYt |:”g}/t‘)’—t:y—t _th|X—t:y—t”TV:|:| ’ (151)
p
te[p]

where (a) follows from Definition. F.4 and the Bayes rule, (b) follows because P(b = t) = %

and P(y; # yl'|b # t) = 0, (c) follows by the law of total probability, and (d) follows because
Jy_,o=t(Y—t|b = t) = gy_,(y—¢) and by the construction of the coupling between y and y''. Then,
(148) follows by using Jensen’s inequality in (151).

Proof of bound (149) on W(g,I', fx) We first show that fy is an invariant measure for I', i.e.,
fx = fxI', implying Wa(gyI', fx) = Wa(gyl', fxI'), and then I' is a contraction with respect to the Wy

. . 1=[|®llop) - 1-1©]o . .
distance with rate 1 — w, ie., Wa(gyl', fxI') < (1 - %)Wg(gy, fx), implying (149).

Proof of fyx being an invariant measure for I' We have

ful () 2 / @ ()’

“i“/ ( )
= F x|z
x'eXp Z t ‘

te[p]
Z/ LTt = $Lt>th|x_t($t‘il?Lt)d.’B,
tE[p x'eXP
= — Z Pl xt!w—t)/ fx(@—t, 2p)dey
tE[p LAY 4
= - Z Faax_o (@il @—t) fu (®—t) = fu().
P icp)

Proof of I' being a contraction w.r.t the W5 distance Let 7" be the coupling between x and
y that achieves Wa(gy, fx) i.e.,!!

2
Tt = arg min Z [Pﬂ(xt # yt)} . (152)
mr()=F():m()=9(Y) \| t¢[p)

We construct random variables x’ and y’ as well as a coupling 7’ between them such that the marginal
distribution of x’ is f4I" and the marginal distribution of y’ is gyI". We start by selecting an index

"The minimum is achieved by using arguments similar to the ones used to show that the Wasserstein distance
attains its minimum (Villani, 2009, Chapter 4).
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b € [p] at random, and defining
Y, 2y, and z, £, forall v#b. (153)

Then, given b, y' , = y_, and x', = x_;, we define the joint distribution of (y;,x;) to be the
maximal coupling of fxb|x,b(‘|y—b) and fxb\x,b("fﬂ—b) that achieves ”be|X—b:y—b_belx—b:m—b||TV'

Now, for every t € [p], we bound P,/ (y/ # x{) in terms of Pr«(yz # x;). To that end, we have

Bor(y # ) 2 B(b = )P (v # X|b = £) + P(b £ DP(yf # xilb # 1)
O Pl # 5o =)+ (1= 2 )Pre0 # ), (154)

where (a) follows from the Bayes rule and (b) follows because P(b = t) = % and (153). Focusing on
P (y; # x{|b =t) and using the law of total probability, we have

Pﬂ'/(yL{ 7& Xt/’b - t)

= / Pfr’(yg # Xff‘b:ta th:y—taXLt:w—t)ﬂ;gt,x’,tlbzt(y—ta93—t|b:t)dy—tdm—t
Y, €EXPL

(a) *
= ||fxt\x,t:y,t _fxt|x,t:m,t ||TV’7Ty,t,x,t (y*tv m*t)dyftdmft

Y_t,@_€XP1

= EW;,t,x,t |:||th|X—t:y—t _th|X_t:il:_t ”Tvi| (155)

where (a) follows by the construction of the coupling between y’ and x’. Now, using the triangle
inequality in (155), we have

P (y; # x|b=1) < Ers o, { Z L(ry=sy=yVv<u)l(ry,=s,=z,Yv>u) x
uelp)\{t}

]l('ru =Yu, LTy = Su) ||fxt|x,t:r,t *fxt|x,t:s,t ||TV

(128)
< E“y*_t,x_t [ Z OruL(yu # XU)} = Z OruPrx (Yu # Xu)- (156)
uelp)\{t} uelp)\{t}
Putting together (154) and (156), we have
, , 1 1
Po/#X) S~ 3. OuPr(u#x)+ (1= - )Pr (i # ). (157)
P uetivin P

Next, we use (157) to show contraction of I'. To that end, we define diag(©) € RP*P to be the matrix
with diagonal same as © and all non-diagonal entries equal to zeros. Then, we have

(a)
Wi oD AD) € Y [ # )]

te(p]
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157 Z { Z OrPrs (yu # Xu) + (1 - ;)PW*(Yt # Xt)r

telp) - uelph it}
(2 ‘(1—1>I—|—<®—d1ag Z[IP’ yt#Xt]
P °P te[p]
© ‘H )I (@ — diag(@)) i Wg(gy,fx)
op

2
|||@|||op> W(gy. fo). (158)

where (a) follows from Definition. F.4, (b) follows by some linear algebraic manipulations, (c) follows
from Definition. F.4 and (152), (d) follows from the triangle inequality, and (e) follows because
IMi[lop < [[M2]op for any matrices My and My such that 0 < M; < My (component-wise). Then,
contraction of I' follows by taking square root on both sides of (158).

Case (ii) (S C [p]) We can directly verify that the matrix Og = {Otu}y yes 1s such that [|Oglop <
I©]lop This is true because the operator norm of any sub-matrix is no more than the operator
norm of the matrix. Further, we note that for any ygo € X?~15l, the random vector xg|xgc = ygc
with distribution fx5|xs — satisfies the Dobrushin’s uniqueness condition (Definition. F.2) with
coupling matrix ©g. Then, by performing an analysis similar to the one above, we have

1
WZ(gyslyscvaslxsc) < m ZSE|:”9}/1Sy—t:y—t_th|X_t=y_t”-2rV‘ySC = ySC}
te
(a) 1
= (1=10l..) ZE[HQYt|Y—t=y—t_th\x—t=y_tH'2rv‘YSC = ySC}7
(= 16l) || 2

1 1 :
where (a) follows because =TosTo) < = ESE This completes the proof.

F.2 Proof of Proposition. F.2: Tail bounds for arbitrary functions under LSI

Fix a function ¢ : AP — R. Fix any pseudo derivative 6q for ¢ and any pseudo Hessian %Eq for q.
To prove Proposition. F.2, we bound the p-th moment of ¢(x) — E[q(x)] by certain norms of V2¢q and

Ex [6q(x)] To that end, first, we claim that in order to control the p-th moment of ¢(x) — E[q(x)],
it is sufficient to control the p-th moment of |[V¢(x)||,. Then, using (130), we note that the p-th

moment of ||Vg(x)||, is bounded by the p-th moment of IVg(x)|l2. Next, we claim that the p-th

moment of [|[Vg(x)||2 is bounded by a linear combination of appropriate norms of V2¢ and Ey [%q(x)]
We formalize the claims below and divide the proof across Appendix. F.2.1 and Appendix. F.2.2.

Lemma F.4 (Bounded p-th moments of ¢(x) — E[g(x)] and IVq(x)||2). If a random vector x satisfies
LSI(02), then for any arbitrary function q : XP — R,

lax) = E[g)]|,, < ov2ollIVa®)lall,,  for any p > 2. (159)
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Further, for any pseudo derivative %q(m) and any pseudo Hessian %Qq(a}) for q, and even p > 2,
- ~ ~y ~
IVaC ||z, < 2co (max [Vg(@) lle+/p max [V7a(@) [op) +4Ex [Va(x)] [l (160)

where ¢ > 0 is a universal constant.

Given these lemmas, we proceed to prove Proposition. F.2. We let g.(x) = ¢(x) — E[¢(x)]. Combining
(159) and (160) for any even p > 2, there exists a universal constant ¢’ such that

la: ()11, <¢0* (v max [V%g(@)le+p max [V2q(@) lop+ VPIE[Va()] ). (161)

Now, we complete the proof by using (161) along with Markov’s inequality for a specific choice of p.
For any even p > 2, we have

P[g.(x)] > eco? (v/p max [V2g(@)le + p max [[V2(@)lop + v/FIEx[Va(x)] ) |

= P[lacx)[" > (e'0?)" (v max 19%a() e +» mas [V a(@)llop-+/BlBx [Va(x)] )"

® B[00
= (ecdo?)?(\/pmaxgexr [|[V2q(x)|r + pmaxgexr [ V2q()lop + /DIEx [Va(x)][l2)"
(161)

< e?

)

where (a) follows from Markov’s inequality. The proof is complete by choosing an appropriate
universal constant ¢’, and and performing basic algebraic manipulations after letting

1 ) g2 €
p= 72 min ( — 3 — s — )
<o NE[[Va()[l2]” + max [ V2(@) [ max [IV2a() lop

We note that an even p > 2 can be ensured by choosing appropriate ¢”.

F.2.1 Proof of Lemma. F.4(159): Bounded p-th moment of ¢(x) — E[g(x)]

Fix any p > 2. We start by using the following result from (Aida and Stroock, 1994, Theorem 3.4)
since x satisfies LSI,(0?):

la) ~E[a] 2. <lla0) ~E[a0] 2, + 20%0 — 2) (Va3 - (162)

Then, we bound the first term in (162) by using the fact that logarithmic Sobolev inequality implies
Poincare inequality with the same constant:

lat0) ~ Efa()] [}, = Var(a(x) < o*Ee[ Va2 (163)

Putting together (162) and (163), we have

lat) ~ B0l [}, < *Be[ IVaG)I3] + 2020 — 2) 11V a0,

(a D
2 (5 Ivaw0l]) " + 2020 - 2 11900012,

=
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(b
= o [IVa()l,1I3, +20°(p = 2) [[IVa®)llal7,
< 20%p||[|Va(x)|,]17, . (164)

where (a) follows by Jensen’s inequality and (b) follows by the definition of p-th moment. Taking
square root on both sides of (164) completes the proof.
F.2.2 Proof of Lemma. F.4(160): Bounded p-th moment of ||V¢(x)]|2

Fix any even p > 2. Fix any pseudo derivative %q and any pseudo Hessian %2(]. We start by
obtaining a convenient bound on [[Vg(z)l||2 for every & € AP and then proceed to bound the p-th
moment of ||[Vg(x)]|2.

Consider a p-dimensional standard normal random vector g independent of x. For a given x = o € AP,

the random variable fggg;'g is a standard normal random variable. Then, for every @ € XP, we have
2
%q(x)Tg (a) (E | [< %q(a})Tg >p} ) 1/p (;) N (165)
~ - X=x ~ - )
IVa(@)ll2{] : IVa(z)]|2 2

where (a) follows from the definition of p-th moment, and (b) follows since |g||, > @ for any

standard normal random variable g and even p > 2. Rearranging (165), we have

IFa@)le < 2 (Egsea[(Fa@)"8)"]) " (166)
Now, we proceed to bound the p-th moment of ||[Vq(x)||2 as follows
1¥aealle, @ (B[I¥a0018))
00 513 (Ex’g { (FatT g)p} ) 1/p
@ 5}3 [Vat) e p
L 2 ([Fo00 e Fat e, +[mlFael], ). o

where (a) and (b) follow from the definition of p-th moment and (c) follows by Minkowski’s inequality.
We claim that

H%q(X)Tg—Ex [Va(x)'g] ‘
|Ex[Va(x)g]|

where ¢ > 0 is a universal constant. Putting together (167) to (169) completes the proof. It remains
to prove our claims (168) and (169) which we now do one-by-one.

S <\/z3 max | Vg ()lr+p max |||V2Q(w)|||op) & (168)

Lp§2\/ﬁ) B [Va(x)] |, (169)

2
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Proof of bound (168) To start, we bound (Ex|g:g [(6q(x)Tg —Eyjg—g [%q(x)Tg])p])l/p for every
g = g, and then proceed to bound ||[Vq(x)Tg — By [%q(x)Tg] Iz,

To that end, we define hy(x) £ Va(x)Tg — Eyjg—g [6q(x)Tg] and observe that Eyg_g[hg(x)] = 0.
Now, applying Lemma. F.4 (159) to hg(-), we have

g0l < /20 (Bgg [ ITho0015] ) € 0v/20(Ees [[| V1 Fat0][]) "
D il en]) " o
where (a) follows from the definition of hg(x). Now, to obtain a bound on the RHS of (170), we

further fix x = . Then, we let g~’ be another p-dimensional standard normal vector and apply an
inequality similar to (166) to g V2¢(x) obtaining

o790t < 2= (Bgieengs (o7 Patr) ]) "

which implies

(Beea o 9000} ])" < 5 (B (Va7 Pa0g)]) 0

Putting together (170) and (171), and using the definition of hg(x), we have
- ~ P ~ p
Eujg—g | (Va(x) 90— Buig—g | Va(x) 9] ) |< (2V20) By gy (67 V2a0g )| (172)

Now, we proceed to bound ||[Vg(x)Tg — Ex [%q(x)Tg] |z, as follows

(a) = ~ P\ 1/p
L (Bxs[ (Va0 g -~ Ex[Vax) "g] ) ])
(172) ~ P\ 1/p
< %/b(ngKéWﬂﬂﬂf)]) : (173)
where (a) follows from the definition of p-th moment. Finally, to bound the RHS of (173), we fix

x = x and bound the p-th norm of the quadratic form gT62q(m)g’ by the Hanson-Wright inequality
resulting in

Heﬂ@Tg—EdﬁﬂﬁTﬂ’

(Epgins| (87 Pa@e)’]) " < c(VaIT2a@) e + pIT?a(@)op)
< o VB max IV%g(@) e + p max [9%0(2)lop),  (174)

where ¢ > 0 is a universal constant. Then, (168) follows by putting together (173) and (174).
Proof of bound (169) By linearity of expectation, we have

IE<[Va(x)Tg] 2, = | (Ex[Va(x)]) gl (175)
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(Ex(Va(x)) e
IEx Va0l

SR e

We note that the random variable

where (a) follows from the definition of p-th moment, and (b) follows since [|g||, < 2/p for any
standard normal variable g. Then, (169) follows by using (176) in (175).

is a standard normal random variable. Therefore,

(Ex[Va()]) ‘g
B [Va(x)] Iz

Lyp

G Identifying weakly dependent random variables

In Appendix. F, we derived (in Proposition. F.1) that a random vector (supported on a compact
set) satisfies the logarithmic Sobolev inequality if it satisfies the Dobrushin’s uniqueness condition
(in Definition. F.2). Further, we also derived (Proposition. F.2) tail bounds for a random vector
satisfying the logarithmic Sobolev inequality. Combining the two, we see that in order to use the tail
bound, the random vector needs to satisfy the Dobrushin’s uniqueness condition, i.e, the elements of
the random vector should be weakly dependent. In this section, we show that any random vector
(outside Dobrushin’s regime) that is a 7-Sparse Graphical Model (to be defined) can be reduced
to satisfy the Dobrushin’s uniqueness condition. In particular, we show that by conditioning on
a subset of the random vector, the unconditioned subset of the random vector (in the conditional
distribution) are only weakly dependent. We exploit this trick in Lemma. C.5 and Lemma. C.7 to
enable application of the tail bound in Appendix. F. The result below is a generalization of the result
in Dagan et al. (2021) for discrete random vectors to continuous random vectors.

We start by defining the notion of 7-Sparse Graphical Model.

Definition G.1 (7-Sparse Graphical Model). A pair of random vectors {x,z} supported on XP x ZP=
is a T-Sparse Graphical Model for model-parameters 7 2 (o, ¢, Zmax, ©) and denoted by T-SGM if
X = {_xmanTmax}; and

1. for any realization z € ZP= the conditional probability distribution of x given z = z is given
by fxz( - 12:0(2),0) in (6) for a vector 0(z) € RP depending on z and a symmetric matriz
© € RP*P (independent of z),

2. max {maxzezr: [|0(2)] ., |©max} < @, and

oo |
3. 8fl <<
Now, we provide the main result of this section.

Proposition G.1 (Identifying weakly dependent random variables). Given a pair of random vectors
{x,z} supported on XP x ZP: that is a T-SGM (Definition. G.1) with 7 £ (o, (, Tmax, ©), and a
scalar A € (0,(], there exists L = 32¢*log4p/)\? subsets S1,---, S C [p] that satisfy the following
properties:

(a) For any t € [p], we have 332 1(t € S,) = [AL/(8¢)].
(b) For any u € [L],
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(i) the pair of random vectors {xs,,(x_s,,2)} correspond to a T1-SGM with 71 = (a +
22ZmaxC, A, Tmax, 5, ) where Og, = {Gtv}t,vesuf and

(ii) the random wvector xg, conditioned on (X_g,,z) satisfies the Dobrushin’s uniqueness
condition (Definition. F.2) with coupling matriz 2v/222,,.|0s, | whenever \ € <0
with |||©s, [flop < A-

_ 1
’ 2\/51:121]&)( i|

Proof of Proposition. G.1: Identifying weakly dependent random variables. We prove each part
one-by-one using a generalization of Dagan et al. (2021, Lemma. 12).

Recall Dagan et al. (2021, Lemma. 12): Let A € RP*P be a matrix with zeros on the diagonal
and ||Allc < 1. Let 0 < n < 1. Then, there exists subsets Si,---,S7 C [p] with L = 32log4p/n?
such that

(a) For any t € [p], we have 2521 1(t € Su) = [nL/8], and
(b) For any u € [L] and t € S, > ves, 1Al <.
We claim that Dagan et al. (2021, Lemma. 12) holds even when A does not have zeros on the

diagonal. The proof is exactly the same as the proof of Dagan et al. (2021, Lemma. 12).

Proof of part (a) From Definition. G.1, for any realization z € ZP=, the conditional probability
distribution of x given z = z is given by fx‘z( |z;0(2), @) in (6) where 0(z) € R? is a vector and
O € RP*P is a symmetric matrix with ||O]ls < ¢. Consider the matrix A £ %G). Since [|Afloc < 1, we

can apply the generalization of Dagan et al. (2021, Lemma. 12) on A with n = % Then part (a)
follows directly from Dagan et al. (2021, Lemma. 12.1).

Proof of part (b)(i) To prove this part, consider the distribution of xg, conditioned on x_g, =
x_g, and z = z for any u € [L], i.e., fyy |x_g, 2(Ts,|T-5,,2;0(2),0) 2 f(xs,|T_s,,2;0(2),0) as
follows

flxs,|x—s,,2;0(2),0) x exp <Z<€t(z)+2 Z@tv%)ﬂft—F Z Z @tva:ta:v>. (177)

teSy vESy teS, vESy

We can re-parameterize f(xg,|z_g,,2;0(z),0) in (177) as follows

fXSu|X75u72(mSu ’:1375”, Z; U(Z, :l"*su)’ T) & eXp ([’U(Z, ajisﬂ)]TmS“ + LBEMT:B&)

where
v(z,x_g,) € RIS with v (z,2_g,) 2 6,(2) + 2 Z Opxy for t € S, and (178)
ke S,
T=7" e RIS with 1, 2 Oy, for all t,v € S,. (179)

Now, to show that the random vector xg, conditioned on x_g, and z corresponds to an 7{-SGM with
n & (& + 2ZmaxC, A, Tmax, O, ), it suffices to establish that

(4) (i)
maox g 02,25l ¥ b | < 04 20 and [Th £ A (150
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To establish (i) in (180), we note that
(179) (a)
[T[max < [1©]lmax < o and (181)

(b) (c)
lo(z, 2—5.)llos < 10(2)lloc +2max[|O¢[l1 2]l < [0(2)lloc + 20max/|Olleo

(d)
<a+ meaXC; (182)

where (a) and (d) follow from Definition. G.1, (b) follows from (178) and the triangle inequality, and
(c) follows from the definition of || - ||« and Definition. G.1. Then, from (181) and (182), we have

max{ max |[v(z,2_g,)|l |||T|||max} < a+ 2Tmax(,
zE€ZPz

as claimed. Next, to establish (ii) in (180), we again apply the generalization of Dagan et al. (2021,
Lemma. 12) on the matrix A = %@ with n = % Then, we have

Z O < A for all t € Sy, u € [L]. (183)
vESy C C
Therefore, we have
(179) (183)
Il = max (Uez 7o) "= max <UZ Onl) < A (184)

as desired. The proof for this part is now complete.

Proof of part (b)(ii) We start by noting that the operator norm of a symmetric matrix is bounded
by the infinity norm of the matrix. Then, from the analysis in part (b) (i), for any u € Sy, we have

(179) 84)
I1©s,1llop < |||\@su||||oo |||\T||||oo < A

Therefore, [|2v222,.10s,|lcc < 1 whenever A < 1/2v/222, . It remains to show that for every
u € [L],t € Sy,v € S,\{t},z=z,and z_4,z_; € XP~! differing only in the v*" coordinate,

fot\x_t:m_t,z:z_fxt\x_tzi_t,zzzHTV < zﬂx?nax‘@tv"
To that end, fix any v € [L], any t € Sy, any v € S, \{t}, any z = z, and any =_;,&_; € AP~}
differing only in the v** coordinate. We have

(a)
fot\x_t:m_t,z:z_fxt\x_tzi_t,ZZZH'Ql'V < =KL (fxt|x_t:z_t,z:z fot|x_t:§_t,z:z)
2

1 (C)
:) 5(2@,51):1)1) — 2@{/@%@)21‘2

max — max

[y

—

@tfu’

where (a) follows from Pinsker’s inequality, (b) follows by (i) applying (Busa-Fekete et al., 2019,
Theorem 1) to the exponential family parameterized as per fyx_,, in (12), (ii) noting that
fxt\x,tzm,t,z:z X exp ([et( )+2@t —tm—t]xt+@tt§t) and fxt|x,t:i,t,z:z X exp ([et( )+2@t _tx }xt'f‘
OuTi) where Ty = 27 — 22, /3, and (iii) noting that the Hessian of the log partition function for
any regular exponential family is the covariance matrix of the associated sufficient statistic which is
bounded by x2,.. when X = {—Zmax, Tmax }, and (c) follows because ¥y, Ty € {—Tmax, Tmax }. This

completes the proof. O
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H Supporting concentration results

In this section, we provide a corollary of Proposition. F.2 that is used to prove the concentration
results in Lemma. C.5 and Lemma. C.7. To show any concentration result for the random vector
x conditioned on z via Proposition. F.2, we need x|z to satisfy the logarithmic Sobolev inequality
(defined in (127)). From Proposition. F.1, for this to be true, we need the random vector x; conditioned
on (x_¢,z) to satisfy the logarithmic Sobolev inequality for all ¢ € [p]. In the result below, we show
this holds with a proof in Appendix. H.1. We define a 7 = (a, ¢, Zmax, ©)-dependent constant:

Cs ., 2 exp (Zmax (@ + 2¢Zmax))- (185)

Lemma H.1 (Logarithmic Sobolev inequality for x;|x_¢,2z). Given a pair of random vectors {x,z}
supported on XP x ZP= that is a T-SGM (Definition. G.1) with T 2 (o, {, Tmax, ©), X¢|X_¢,z satisfies

LSLx_ =2, z—2 (896’2“‘”‘ C§,7> for allt € [p], x_y € XP~! and z € ZP=.

w2

Now, we state the desired corollary of Proposition. F.2 with a proof in Appendix. H.2. The corollary
makes use of some 7 2 (o, {, Tmax, ©)-dependent constants:
3223 . C4

Cpr 214 a@pax + 422, and Cs, 2 “;7;‘37 (186)

Corollary H.1 (Supporting concentration bounds). Suppose a pair of random vectors {x,z} supported
on XP x ZP: corresponds to a T-SGM (Definition. G.1) with T = (@, (, Tmax, ©), and x conditioned
on z satisfies the Dobrushin’s uniqueness condition (Definition. F.2) with coupling matriz ©. For any
0,0 € Ay and © € Ag, define the functions q1 and g as

a1 (X) £ Z (tht)2 and QQ Z WXt €XP < (915 + 291& 7tx—t]xt @ttit)y

te[p] te[p]
where w =0 — 0 and X; = x2 — 22, /3. Then, for any e >0
—c(1 = |[O]lop) *e?
P[‘Qi( E[qz ‘ H >5’ } <eXp< C( I ”|2 p) € > for i=1,2, (187)
cillwll3

where ¢ is a universal constant, ¢; £ 16a°x maXC5 - and ca = C§7TC’Z,TC527T with Cy . defined in (185)
and Cy . and C5 . defined in (186).

H.1 Proof of Lemma. H.1: Logarithmic Sobolev inequality for x|x_;,z

Let u be the uniform distribution on X. Then, u satisfies LSI, ( ma") (see Ghang et al. (2014,

Corollary. 2.4)). Then, using the Holley-Stroock perturbation principle (see Holley and Stroock
(1987, Page. 31), Ledoux (2001, Lemma. 1.2)), for every t € [p], *_y € AP~ and z € ZP=,
X¢|x_y = x_;,z = z satisfies the logarithmic Sobolev inequality with a constant bounded by

81:1211ax eXp(SupzteX ¢(mt; ¢, Z) - iantGX ¢(mt; ¢, Z))
2
™

)
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where (x4, 2) = —[0;(2) + QGZ_tm,t]:nt — Oy T where T, = x7 — 22, /3. We have

(a)
exp(sup Y(x4; T, 2)— inf Y(z;24,2)) <exp (Q}Qt(z)+2@Z_t$—t‘xmax+@ttwilax)
$t€X .Z’tEX

(b)
S exp ((2a + 4meax)xmax) (125) C?%,ﬂ

where (a) follows from Definition. G.1 and (b) follows by using Definition. G.1 along with triangle
inequality and Cauchy—Schwarz inequality.

H.2 Proof of Corollary. H.1: Supporting concentration bounds

To apply Proposition. F.2 to the random vector x conditioned on z, we need x|z to satisfy the
logarithmic Sobolev inequality. From Proposition. F.1, this is true if (i) fmin = Mingep) pexr zcxr-
Fralx_ez(TelT—t,2) > 0 (see (129)), (ii) x|z satisfies the Dobrushin’s uniqueness condition, and (iii)
x¢|x_¢, z satisfies the logarithmic Sobolev inequality for all ¢ € [p]. By assumption, x|z satisfies the

Dobrushin’s uniqueness condition with coupling matrix ©. From Lemma. H.1, x;|x_, z satisfies
822 ,.02

LSy x_—a_, z== (%) It remains to show that fu,i, > 0. Consider any ¢ € [p], any x € AP,

and any z € XP=. Let T; = 27 — 22,,,/3. We have

—~

a
th‘Xft,Z(xt|m*t7 Z) =

~

exp ([Ht(z) +20/ w_]m + @ttft>

Sy exp ([Gt(z) +20/ L i]x; + @tt@> dxy

(Q exp ( —160i(2) + 2@Z_taz_t]a:max — @tt$?nax>
~ [eexp (\Ht(z) +20/ @ | Tmax + @ttxfnax> day

exp (= (10(2)] + 2010t~ 1|l oc) Tmax — Ot
Jre 50 ((10G)] + 20101112 o0) Prmax + Ottt

A
(AVAG)

d exp _(a+2cxmax)xmax e
@ ( ) 0 1

=z 2
S exp <(a + 2§xmax)xmax) de,  2TmaxC3;

I

where (a) follows from (12), (b) and (d) follow from Definition. G.1, (¢) follows by triangle inequality

and Cauchy-Schwarz inequality, and (e) follows because [, dz; = 2&max. Therefore, fuin =
ﬁ. Putting (i), (ii), and (iii) together, and using Proposition. F.1, we see that x|z satisfies
max 377—
LSIX<(1%W> where C5  was defined in (186).
“I®llop ,

Now, we apply Proposition. F.2 to ¢; and g one-by-one. The general strategy is to choose
appropriate pseudo derivatives and pseudo Hessians for both ¢; and ¢o, and evaluate the corresponding
terms appearing in Proposition. F.2.

Concentration for ¢; Fix any @ € XP. We start by decomposing qi1(x) as follows

q(x) = wTr(w), (188)
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where @ 2 (w?, - - ,wg) and r(x) £ (r1(x), - ,rp(x)) with ri(x) = 22 for every t € [p]. Next, we

define H : XP — RP*P such that

dry
Hyy(x) = rdqf:) for every t,u € [p)]. (189)

Pseudo derivative We bound the ¢3 norm of the gradient of ¢;(x) as follows

Vo) = Y (M) i 5o (Z 0y

te(p] telp]

"D\ b ()|

(a) s g ® o
< [H(@)l5p [@llz < 14 (@)l 15 ()]l oo [[]]3 (190)

where (a) follows because induced matrix norms are submultiplicative and (b) follows because the
matrix operator norm is bounded by square root of the product of matrix one norm and matrix
infinity norm. Now, we claim that the one norm and the infinity norm of H(x) are bounded as
follows

o s (@)1, 1 1 @)l | < 200 (191)

Taking this claim as given at the moment, we continue with our proof. Combining (190) and (191),
we have

(a)
2 —12 § : 2 : 2
wrréa)% HV(]l(J))HQ S 4x?nax HWHZ = 4x12nax Wf S 4$?nax gg?;](wz wt2 S 16xr2naxa2 HWH27
te[p] te[p]

where (a) follows because w € 2Ay. Therefore, we choose the pseudo derivative (see Definition. F.3)
as follows

Vi (z) = damaxa [|w], - (192)
Pseudo Hessian Fix any p € R. We bound ||[V(pT Va1 (z))||2 (see Definition. F.3) as follows

- dp" V(@) \2 (192)
T 2 _ -
IV(p' Var(z))|3 = %:] <T> B

ue|p.

Therefore, we choose the pseudo Hessian (see Definition. F.3) as follows
Vg (x) = 0. (193)

The concentration result in (187) for ¢; follows by applying Proposition. F.2 with the pseudo discrete
derivative defined in (192) and the pseudo discrete Hessian defined in (193).

It remains to show that the one-norm and the infinity-norm of H(x) are bounded as in (191).
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Bounds on the one-norm and the infinity-norm of H(x) We have

2z, if t = u,
Hi () = 194
tu (@) {O otherwise. (194)

Therefore,

(194) (a)
IH ()]l = max >~ [Hy(x)] < max2|zy| < 2rmay  and
u€lp] rep) u€|[p]

1H(@)] S Ho()] S max 2l € 2
Z)||lco = max ulT S MaX 2|Tt| S Z2Tmax,
telp] = ¢ te(p] !

where (a) follows from Definition. G.1.

Concentration for ¢o Fix any @ € XP. We start by decomposing g2(x) as follows

ga() = w ' r(x), (195)
where r(x) £ (r1(z), -+, rp(z)) with r(x) = ziexp (— [0 + QGZ_tm,t}:L‘t — Oy for every t € [p].
Next, we define H : X — RP*P such that
dry
Hy(x) = Td (@) for every t,u € [p]. (196)
Lt

Pseudo derivative We bound the ¢3 norm of the gradient of ga(x) as follows

d 5 Td
Vool = 3 (M) 29 5 (o))
te[p] telpl

"D H (2w

< 1 @)llop llwllz < IHH (@) [l H () [loo llls (197)

where (a) follows because induced matrix norms are submultiplicative and (b) follows because the
matrix operator norm is bounded by square root of the product of matrix one norm and matrix
infinity norm. Now, we claim that the one norm and the infinity norm of H(x) are bounded as
follows

o s D @)l g 1H (@)l | < i Cr (195)

where C; . and C, ; were defined in (185) and (186) respectively. Taking this claim as given at the
moment, we continue with our proof. Combining (197) and (198), we have

2 2
max Vo ()3 < C3,Ci 7 wlls

Therefore, we choose the pseudo derivative (see Definition. F.3) as follows

Vaz(x) = C5,.Cy - wll, (199)
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Pseudo Hessian Fix any p € R. We bound ||[V(pTVga(2))||? (see Definition. F.3) as follows

N dp' Vo () (199)
T 2
W@VMMH—%‘MU> "

Therefore, we choose the pseudo Hessian (see Definition. F.3) as follows
Ve () = 0. (200)

The concentration result in (187) for ¢; follows by applying Proposition. F.2 with the pseudo discrete
derivative defined in (199) and the pseudo discrete Hessian defined in (200).

It remains to show that the one-norm and the infinity-norm of H(x) are bounded as in (198).

Bounds on the one-norm and the infinity-norm of H We have

(201)

Hy (1) [1 — [0u + QGIw]xu] exp ( — [0u + QGI,,U!E—U]% — @uufu) if t=u,
fu B —20,72 exp ( — [0u + 2@l_ux_u]xu — @uufu) otherwise.

Therefore,

(@)l = max 3 [Hu(a)

tE[ ]
(201) T T -
max!l [0, +2@um]xu}exp( [0 +20, T u}mu—(%uuxu)
ue p

+2 mez%)]; z2 exp ( — [0y + 2@l,ux_u]xu — GUUEU) Z |O4|
uslp t#u

(a) b
(1 + QZmax + 4wmax<) exp (xmax(a + 2<xmax)) (:) CS,TC4,7'7

where (a) follows from Definition. G.1 along with triangle inequality and Cauchy—Schwarz inequality
and (b) follows from (185) and (186). Similarly, we have

(@) lloe = max 3 |Hou()

u€lp]
20 max [1-[0,+20; alae| exp (- [6: + 26, @il — OuTt)
p
2 ®u Hu 2@T_ —u u_@uuiu
+ %@X%;' wlzy exp (= [0u + 20, ]z ™)

a

b
< (1 + A%max + 4xmaxC) eXp (xmax(a + 2meax)) (:) 0377C4,ra

—
=

where (a) follows from Definition. G.1 along with triangle inequality and Cauchy—Schwarz inequality
and (b) follows from (185) and (186).
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